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An Innovative Solution for the Brachistochrone Problem as a Class
of the Calculus of Variations

Behzad Kafash

Abstract: The problem of the shortest time is an old problem that is referred to as the origin of
the calculus of variation. The various applications of calculus of variations in different fields,
including mathematics, physics, electrical engineering, mechanics, and robotics, have transformed
this area into an active research field for mathematicians and engineers. In this article, an innovative
method for solving the Brachistochrone Problem is proposed. This method is based on transforming
the differential equation of the Brachistochrone Problem into a system of differential equations. In
the proposed approach, two non-trivial choices for forming the system of equations are presented,
and the general form of the solution is obtained in each case. Finally, it is determined that only one
of the two obtained solutions satisfies the proposed final condition of the problem. Additionally, the
optimal solution obtained from the proposed path exactly matches the value obtained along the
optimal path, namely the cycloid. Furthermore, two Maple procedures are presented, and the resulting
outputs are displayed.

Keywords: The Brachistochrone Problem, Calculus of variations, cycloid curve, Euler-Lagrange
differential equation
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* Gottfried Wilhelm Leibniz(1646-1716)
¢ Guillaume de I'Hopital(1661-1704)

7 “4Ah! I recognize the lion by his paw.’
8 Euler—Lagrange equation
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! Johann Bernoulli(1667-1748)

2 The Brachistochrone Problem

3 Galileo Galilei (1636-1564)

4 Dialogues Concerning Two New Sciences
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restart,
with(plots),
with(plottools),

Proceduresi:=proc(a, b, N)
local x, y, t, At, Point, Cycloid, RollingCircle;

X:=t-> a*(t - sin(t));

y:=t->a*(1 - cos(t));

At:=b/N;
Point:=display(seq(pointplot([x(At*i),y(At*i)
],color=red),i=0..N),insequence= true);
Cycloid:=animatecurve([x(t),y(t),t=0..b],fra
mes=N+1,color=blue);
RollingCircle:=display(seq(circle([r*At*i,r],r
),i=0..N),insequence= true);

display(Point, Cycloid, RollingCircle);
end proc;,
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restart,
with(plots),
with(plottools),
Procedures2:=proc(N)
local x,vy,t,r, P;
x:=t->r*(t-sin(t));
y:=t->r*(1-cos(t));
for r from 1 to N do
P[r]:=plot([r*(t-sin(t)),r*(1-cos(t)),
t=0..2*Pi],scaling=constrained);
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