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Containment Control of Linear Multi-Agent Systems with Non-
Identical Agents Using Dynamic Output Feedback

Hamed Haghshenas, Mohammad Ali Badamchizadeh, Mahdi Baradarannia

Abstract: In this paper, we study the containment control problem of heterogeneous linear
multi-agent systems under directed topology based on output regulation framework and using
output feedback control. Motivated by leader-follower output regulation problems, the leaders are
assumed to be exosystems with identical dynamics. In controller design approach for each follower,
we utilize a distributed dynamic output feedback control scheme. To achieve the objective of this
work we utilize the containment error, which enables us to consider more than one leader in output
regulation framework and to use output regulation techniques with some modifications to solve the
containment problem. Finally, the validity of theoretical results are demonstrated through an
example.

Keywords: Containment control, Non-ldentical agents, Output regulation, Output feedback.

\ .
33 &S ey s 8 s 4 elews St 055 !
caleylsn A T bl e —aied b, (giledde .
4 [T [ [Canc ’ 40 _‘
Giledte o 5 Dlow Slles (ol s F e e

o sb ol al g i o813~ 01l 335 1) 5 J S Dledige ezl o =S s 030 gzl o eses 1SS 15 0dgs sk 5


mailto:Author2@xx.ac.ir
https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

10 Soolus (s 5 S Sl eslinal L OLSS b sla Jole 51 JKane o ale i (gla g 0SS 3 gdoe J 287

l_.;QbJ\j.g S Gol‘jﬁﬂ‘él{ k;l.f—-&;:u ‘wtﬁ& dael>

Sl il o S Sslize Wlg e b fale $SKalys o)l 3
Ol s Rl 5 e 6y Ollanl L5 e L Jole Do sline
4 o 3503 (il (oSl b o la Jolo o7 (ot (S ine
Blg o 6V @ 5 s Sl OLS gl Jolo b ot
St sl 4SS 33w J 257 aalllas (g (e 4 3L il
IS R] 55 il e Coeal 1l LS b &Sl L eloir
ol gy Sl 53 53 OLSC b gl sle (61 0SS 3 it
58l 450 S Kl s o gla ale Kol s (sl Sl s
03 ol 0k 23 053 45 0 SIS (g slafole oSy
‘r}}dl?-)).;dd‘augﬂ‘#—&:})y@gﬂsﬁj}}‘db
G Sl s JAS 056 5 ekt o Jol b e S
Gl el 0ds B e 3 5udoealile s oy 3 4 01 AgSS 3 gdoee J S
el oo s @y s J gl (S (”N Lyls I
ot S sgdoes J S a4 55 [V O] =l
Gl bsle 3l 25,5 @l Aol NV 3 Ll el
S eslinal b eomal (sla eyl Juld 5 o b oSalys b 0L 2
S50 g o (MN] 5o Cpiman (el 0l g p el J 27
3op0 Gapias 028 4 Sl 0di (53 e DL IS
S el odiS I8 b (W] 53 kS a3 guloms |y Eo
el 03 g1 gales

7P e S eiS U 1S (b sla sy 53 b )
S Soye > Kl e 53 Ll Sl i ST ST ol
S o8 el 03 Il (gl e 51K a6 S oI sl e 5
Sl (6345 4 38 sk 457 5 g0 4l (6,8 0N s 5 5
A o 3 33 et 0t G das (Glas )57 3 55
(Ml i 53 LAl g ms Ql}:@r:.wt;u@}f'-yﬁéj
el oS J S b 5355 pdb Sl Sl S Sl eslinl
oSS s ST V] s il gllan s 0SS
o o K Sl eslind b Kaal o lelo i 1o gt
el 02

e (12 oSS 3pden J S s Jo clin oyl sk
A S e Lo DL b Salen b e ule i sl
S Gl agn 5 B8 el Lddl e (s 5 S Sl eslinal b s
S 93 amd e Jalo s b alodir (Glagtun (g & B0 4
Cpge oy awd e Gl Jale @Salus il s e ol
o Sty s 0T 53 o8 [A] b aglio 53 00 ;8 oo a5 55 )15
33 sl QLSS gy o ESCnlr s Lol ol & glie Lnazans oo 5 Ly o
el o i i s Sgline 55 S0uSG L ey ¢Sl s dlie oy
ol o5 s 455 o, S 6O 10T 4 STV ] L awlie s
Copan 3 g bl (g B S el oS J ST b s
P 53 55k 4 a5 i Eos 53 e e sllas 5ol

LY O] dohs 53 Ol 51 (ol ax 55 3550 e ijls Sl mal
S il e Dol et (Slapts ol Eola 1S
@S N F sp 3spe wd e Jolo Do Slagtes lp 12l 5
K Wilg o b ule 1 s 8 aSal 4 am 5 b [Y O] Sl
s g Jolo 3525 b Gl 5l ST ok 1) e SIS
¥ ol 4 8 15 anlllas 5 5

o 1 el (lapmos s 5 oS ) sladle s
I3 Olims 4 5 3550 ram Lol 0jm 53 S el on gy Gle
Sl s o Jalo O3y (5 5 e ol e gl el 3 5
[F] 55 otls Jto ol ool oSl ot Jeloti (5la 0t
Slaptum (235 (5 (man ol 25 15 walllae 3,5
53T S s G ) g 0 S (S Jalo b il
e (5l 48 el 48 8 13 Ly 5 50 ilibun o 3 0dd w3 8
L N DV 53 55 elal [# 0] @ Ol 5 e
S oks s s fole (108 5y 5 s 5 kS bl o
.@touwéb;\fp);ﬁw

Sgomn J 8 (oloinr Glaptnn J 587 pge slaas s 5 S
5 Sl ks 3 5 ol b oy iy 1S il e TS
(e Ol g 4y B axBls Ll g on lien 5 Cpmal b loe glas )8
O3 Gk S 5 opiapl 05 Slaly, S il el sdalis
ST  PYVR N RN UG A PSS A R E R
IS el pre 6 Gl [V] Ssde Sl o3l oty )
Jele a S 056 Ol 4 Wl o G (B 0y 1gSS 55
s g 4 o alg 50 ,m b ole S5 5T Sk gk ) s
Sl Ggel G N Colds ates e b Jele bawg edislel
Sl S Lws el (5las sloul 0yl 3 gudoes J 87 (slas )8
ol 5 s sl QI L 5 Kos (8 8 Chli g L,
e s Olge & bale I 258 s ol 03 ABL e
Jasl b dyls 1y el Cdome ig 03,5 Laduie adby 5 Lsd o
3550 AL o 5 Sl Jole (ot i 4 ki) gSS 3 5dns J S
@ yls 1y aleo 5 st sl Jlisl aiby b5 &5, )5 chlis
Colda (Dl odd sl s s Jole bu g &S gume By
SL Dl 5 sl ole 4 5 dal i o5V et 55 e
.[A]ug)w,ksﬁbmjd\fu@u‘5%?;,_.,.4{1,“34::‘1;

b b 1 rns 028 (51 05,655 3 gumn 27 alis
Gl el 455 515 adllls 3,0 BT 5 pumel ¢ o b Sl
Seslizul b 5 St s o gt (51 Al LIA] s Jte
0586 oS Slloe copimman ol ol )y p s & 28 5L B,
St 53, 1 U m,?rtq.;uuu,t.xe_é Sgdoee J S 654 o
2oy DL Sl b gldile I S el
bdsle 6oy S pladd 5 Caliiee Lyl 3 s o o slas )8

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

é.al.‘.:bﬁ‘;ﬁ&{.}.J:é)'la;&ulQQL&:ﬂbthﬁbj\ﬁb&&bkghm;&jd&:)wdﬁf \$

l_.;QbJ\j.g S n:b’ﬁnbl{ ch.xw ‘wu& dael>

Sl Jale 31 SKaliST b s ol K 501 0557 Latetie 1

6 S sshe sl Ay sl il LI 55 s
oo ALl G110 6y s sbalps b s e
58S B s il Sl (Bl VS K sy T

Dyl o bl S ) e o

sles 5 Caylas —Y-Y

5 9,m Jele N )\J&@&ukwﬁstﬁ‘dmdtﬁ
B8 s GOS0 G s Gy ceenpe e m
N oy e N+M Ll o Obl )l ledhe Gl &S s o0
el G S Sl olsels G Lt L8 4 5, ke
Cs 4y o S 0T & e (sladly 5 aws o sla Jole slae & Lol
5 Sasle Sl Sl 03l 0l sl e s Los A ST
5 3m Sadele Sy 2 ol G SIS L bl Y
o {n+1..n+m 5 LN} Gl mdl i 4 s e
3550 O 4 glas samen O3l Ol (6l Ni CpomaR 39 A L8
s by 4o geme 5 1 5 O lues 4o sama ST 230 1 oS
‘g)jbgmb.sai s O les 45 gomee N aé\jjz.c,.wla.lﬁ
Aot Code 0T 51 atws o sla Jals oS

o F P R b o oy, 40 gome g Lads juw 40 gozmn
s g edkasplis LS 5 @ 0 9 Ip‘ln Sl le 358 0 030>
Al s Pl b Gles el 6 laels L NXT S
L okisbml (Skm 8 o Sl Bl o e Sl L e
osls Lmbes diag{X, Xy, X} U X, Xp,eoy Xy gla e Sl
Sty 55 dist(X,C) ol S5 8 5 S0l ® sl sy

5 Sk w st . CclM wpme XN Wt

dist(x,C) =infll x—yi, A

o3lizal 5y g0 dlie cpl )3 45 540 e Oly i yw Cpdir 4alsl s
b5 wal gl

Sl Sl odme CTUN o gomea— (N¥) ) i %5
A(A=A)x+ Ay €C sl wsis A€[01] 2,5 XYyeC
LS X={X %0 X} plie blE s gome Codous Sp
5 il s s e S0 S 058 0 031 0l CO(X)

5 ke 4 il X 3 pe LB

Co(X )= ax, Ix; X ,q €l
i o)

0 ZO,Zn:ai =1}
i=1

A S ej e 53 s ge S B Sl cats e Jale oSG 51 i
o 53 58 e o3kl ol IAgSS o J S aliws Jo (sl
Al el oSS 3 gome J 28 (gl (stud pe b 1 alts
olsz ol sl sy 51 0lg b sd or o &5 355 o0 oslizul H
W23 5 g sl o g s S
w&auzﬁ):.wla&rﬁﬁﬁuﬁ}qﬂpybdﬁa
o &l dlie 5 o eslizal Glasls 5 Ll 5 OIS 4 ks )
Eore ) adlllan 3)5m 0 5 4oy Alis Ol @ g i Il
ol poalin 5 ot 4l (algnig oliS U S p5ler b 53 S e
6 calgity oS U mS 5 Shes b)) Sz 500 0Ly dlie
23 aghe A ey o 55 oS w plil 35 gk (luans

el 0 Ol e T iy bS5 allis mb il

S sbab ¥
(VY] ol § a e -\

I el a5 55 b ale o BLT Sledie

NS S eloir e &6 1y 2580 o3lind LIS
bug Glg e G blu g i L bigr OIS (e
5 e 8 asgeme V={1,2,..,N} & i ks olis (V,E)
(i, ) €E cpw o € b dib s AL 45 50e ECV XV
Sl 4 ale el | 48 Sl ime ol 4 355 ool iules
ool wlaen &G T ol piman 5 305 g s Juls ol
Il ORles e G U5 el ply il

A o 3L s LOT S, Sl | ke & wiily o ola ole

L (L) EE (i) €E ST e 21,6 LIS

Lo S 5l sleay | oF al o8 5l 5lsigr e & A8 Clon!
Sasbaehb a0l | o8 s ssstiaps il oS LS il
s (1,0 (P A), s (1) S & Gl Jsio sl 5 oS
i p sl ST an S auen U 1 g OIE o sl
o f 5 ol s [l J] s 4 stz slae T 5 s

.Ml{w‘:bﬁ} J ejfu.i
4G Sf L bl A:[aij]emnxn Soglre e Sl
2508, =0(J,i)€E 518, >0 & 55w sl6 S
L=[l1e0™ cd¥ il il 8y =0 ojso o) 12

Dy a8 5 e 4 5 G OIS

2 Ani=] M)

Iij = r=Lr#i
—a,1 # |

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

W Sl s S S o3kl b O, o sl Jole 51 Szt o (sl 205514655 35oms J 2

l_.;QbJ\j.g S Gol‘jﬁﬂ‘él{ k;l.f—-&;:u ‘wu& dael>

o..,b')\..\gii 3 gdoee Jj..f sl ga.l.icjla.c s o
Dy 5 Do & sy Jele el Tl s0lgiy

n+m

ei(t):zaij(xi_xj)+ zé}k(xi_wk) w
jeN; k=n+1
ool gl s
o= |:elT e, e’ ]T @)

3,50k 25 g 4 OlS o0 () dlasl jloslizul L
n+m

et)= > (H ®1,)(x-1, ®w,(t)) 0

k=n+1

QT):-af

H,=1L+A, keR v
m

T

x=[x x - X7
4 6 s sl (V) dlaly s odkh b yme ey le ) eslizud
BE ‘él} R v.:.&b WIS s atwd e Gla fole DI Gl e
OIS 3sdomn J ST e 3 adlplail Bag sl el
A L s s fele ey ki (S5 a5
5 Lel™ Gbousl  wipe sente —LL
4 Gy SIS Bl Y o 5l s 51 L, €0

Sy

{'-1 '—z} oY)
0 0

Gib ) e pole ol Lo ¢ puomen AT e S 4

T o Sz 4 5 Osle

_ ()
HL'L)®1 W,
1893 ke 4 bl e bats o el ol W S
i (%)
WR =|:Wn+1T Wn+2T Wn+mT:|

lIMe(t) =0 «us gl ¥ 3 DI s liny ) glailen

t—oo
Sl oo 1y 5 gla Jole ol Kan

Eﬂ: [[(mzm Hr)ilHkln]®Wk(t)] e

S by J gl S5 &S WS e Ol

@lgie il 3l eslimel s s b e W, KeER
@l e Ol b sy el 1 0l ol Hy keR
(W) 4 Caes (V0) Sojle o30S Ol (V0) L g 1y 5, o sl
s s ol Il Sl 4 L (1Y) 3 &8 il o)
(213 (g3 3 (5o Jole o (slaiza 4 (1) 3 Lol cazils

b Sl g b llanl 5l Eely &

Jds s S wzmes b e b Sl Glaws b e jle- M

B S Ly a s il glas I8 Jele s L;La(..w "

A3 e Gl asseze ) Z - (VE) Y W
1R ke 4 Bl e Ol i slaalps 0K

Z 0{Q=[g;]e0> :q; <0,i = j} ")

S ssbgn okl (o309 03036 sl- M & Qo jibe
sl (e ) e Q lol slasles” ols ,Q eZ

S g 2 5omn I 28 ¢ alodinr s & ol Y iy
b o s s Jele p JES 056 Ol STl e s
sbinbml O g 4 s gl (0 Gl S5 S
S pd ol 4t s gl fele baw g

ol ST g bl o (B S ks L

35 68 o ol 51015 o

Lo Oy Y

Salss b s Jolo N 51 dlie ool 3 odiiad & i s 4o
dolre ol aBl S5 OLSS wws j Jule M 5 OLSS 6 Jos
bl 25 sy 4 s el (Sl (Sals
X =AX +Bu, ®)

y, =Cx,ieF

G UM el? e Lae X () el oT 55 &
i . M .
Cis B (A s ol s Yi() el ™ 5 Jas
26 dphgr (B rmen s b bl L gla s Sle 5
s Sl Glarsfo4 LB wilagy SRS b
4 Al et G A éu&ujl_&“ﬁ.wu D
b g 8 s 5500
W, =Sw, k eR @

Al o s o ole K oyl S e W €0 N &
il r OLSS as o Sl Jale aled (61 55 S e Sl

o Sl oSS spdome J S GRS i ) Ooda
sl 3, e, VIEF  m dib b (9) 5 (0) loles

!ngdist(xi (t), Co(w, (t),k R)) =0 V)

oy J s b ¢

j(b) L;»LO-\.%W‘_»;‘]: auLSJJ'J.S Lf"‘,fl’ Loy cdalsl s
.}ﬁ@é)‘)cﬁﬂ-ﬁ)‘-‘&b}iﬂd}swh}’)%ﬂ4{(9)

a.L;)‘.LGS;/' 3 gl d,‘;dea:——\—?

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

é.al.‘.:bﬁ‘;ﬁ&{.}.J:é)'la;&ulQQL&:ﬂbthﬁbj\ﬁb&&bkghm;&jd&:)wdﬁf A

l_.;QbJ\j.g S n:b’ﬁnbl{ ch.xw ‘wu& dael>

5 SIS ee bl KLKZelPN &

23 S Slais 55 s diea Sy 0wl L €l .
Al dal g o OT 1 b 350

(18) S8 056 5 (A) () (0) 31 suss S5 a2
S0k e wUlS e

n+m

. K—

X = A:Xc + Z Bch
k=n+1

W, = SW, (x)
n+m

e=C.x, + Y. DiW,
k=n+1

G lais S =1 ®F wwudils S s, X, &
(S sl ) e gl e 5o (Y0) s s
Slp aS sp dal s Syse opl 4 Cils m,aljs.),u;ﬁféldm
S 250 e Sosb (V1) J 28 056 (F) 5 (0) Lalesir ot
ol Bls Gl 4 s il gl b X = AX e e
wils W(OReR 5 x(0),£(0),7(0),ieF o
:Vf‘i’lf
!Lrg e(t)=0 v

wols) 33 & ABb o 3 3,10kl 55 A 4 s ol o (5
L gn 02557

sk iy TR Ghle (AB) Y o8

Al ST TER (l5ie (C,A) Y 29

s ol OVslee Y 0 4
S=A+BU,ieF ")

REL-WY LJi éffug shbvsia

dal g 5 eslizal 3y ) aad DU L5 Y 55 5 ) b
OF) sl 53 . lokd 03,5T [# B] 53 ¥ o b wltes pla b p.cd 8
5 b el e LU e e 6l s Sl sl 4 a5 L
35 O o Gl & als el 3w e Ul S L
o3zl \ o3 53 Ty 55 25 53 Dl ok (53 53 4y pamin Ol
S dal
duer s doer bt Gy 5 G skl L o

Dolee 5 0l )l gSS sgutomn IS s o LI oy 1

o s T Hye sl gl S35 bcal oY laal ((00) s

:sajﬁguf ﬂl)\thafrJ sl e

O S (s oS o o sl s e 0
Sadoms J S 53 a8 cpl s .25 8 L5 s Olg e 1) aws e fule
Ao ol 53 ouols S8 5wz Jolo &G 51 i b ol eSS
b ol ot ool 8 4 s 5 oS Lomn 3 p g e (sl
Smsn s isy )5 38 s 1y ames e Jale oSG 51 i Ol
eSS 3pdome S8 die o Sl (oS oS Coas )
Sl e a5 b skt ks s S eslinl

H, =H,®1,

W, =1 ®w,
n+m S1d)

C=> H,
k=n+1
D" =-H,
25 w3k 2 e w05 1y (00) daly
n+m
e=Cx+ y D'W, v
k=n+1

ol bl [0 0] H ad, S8 gl s, wlie &S
s 4,5 L 3 (W) sl 3 atws o Jolo &K 51 i ST sl
Lilsy Sogo 4 0diy g 3o J ST sllat Ol el gl ol
DS Comn 53 35 e slabgy 3 eslizal O (V) 5 (V)
oSS 5 o J S s Jo (sl DMl (S LTy s S
Sl e Pda\Jé ele L e

$olgig SRS 056 -Y-F

sgdoee J S s (gl oS IS b skt 4 caslsl s
3 b (Saalys SLadl e &G i) 5 0) alosiar ot 05105

g . . H N -
2358 o e g Coge t s el @l G el

&=s¢+ALY a, (¢, &)+

JeN; OA)
> 5w, -]
k=n+1

5248 Hsb0kes il s St 5 b w8 VLl 55 S
il o (W) 03,28 JSKo oS (¥0) alasly (s dal - odalin ) >l
Gl dole o sl odos S 5 Sus, Olsis 4 Ll s
o325, 53 s
Sl 6 1 JSize 7 5 b5 JAS 056 caslsl s
e ool et €0 ety Feuy, o5 Sl

Z:ﬁ@:%;m

u; :Kilﬂi +Ki2§i
S=sg+BlY a5 -¢)+
JeN 04)
S stw, -¢)]
A B+ LG 1)

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

1 Sl s S S o3kl b O, o sl Jole 51 Szt o (sl 205514655 35oms J 2

l_.;QbJ\j.g S Gol‘jﬁﬂ‘él{ k;l.f—-&;:u ‘wu& dael>

L (D H)THL, Sy el adlse s (D) H) =[]
r=n+1 r=n+1

oo w05 (V) daly g ar g Ll O s esls (Nl

:A))Tg;.w:‘\{j:)'

Choske SRS (X0)
% =D o] +—Zhaj[2',—r]
=1 mia =
A S ol 5 bt 53 b gl bl S
4Ol ly A o)l i ply s Sy e Sl e

25,50k 55 S,

n
a; = hof keR (Y#)
=1
n+m 1
e b (DD H)T el el O b
r=n+1

w J=1,2n0 ieF o ¢y K5 oolew

KeR ;=120 sl Ko sk 20

Sl it (¥9) daly & a5 b opl s ib e O 20
n+m

el Sl S (DD H)THL by sz oo

r=n+1
03 e il Sl o i gla fole Sl Sg e..\.'.A;JS.&:
S 255 s Ol (1) daly 5 ¥ 8 ) S b anS
Cdons gy Caas 4 5, Sl ole il Ll 5, lime(t) =0 3
: ) ) t—0

Al Ll g ol atws e gl fele

V7] 55 V¥ o5l P el b &S a5h e gl d alsl o
Lol eSS sgdoms J 28 alts o 45 S a8 0L 1y ol s
ALl a3 )8 g e gla g Sl ol
S S 5K s ) (1) il e V)
wils sy Ko las (26 il S0 00 A e sle

s 5 Vsl 3 KER (51 4 8 st

X H,S=AXMH, +B )

a;oﬁmgl}:@alfﬂufdw

lime(t) =0 (YA)
t—>wo
nem o
)~(c :Xc_xc 2 Hkv_vk o b S e Il oLt
k=n+1
LS B (V) ot e sl S¥slre 53 X $1055.8 o Ly w0
Wy Ol g o

some et Hi G g P (230550050 (1)) o
Ghls 5035 b Gl M e Hy s il 0l
il 5 S

Al e e Hy o35 polin i Cans @

ol il laalys s il sy HY o

n+m

oA M 5 Ol o e 5 Z He omsbe
k=n+1
n+m

. - R é. T
e sz :)}A)bch é‘ﬁowﬁésbéﬁ}ja:ﬁoji}b
k=n+1

AS 0 B

o dslee 5 0yl 3 dome J 87 Al bl canlsl s
ol Ser Sl ot o3y Ol 5 o3 § 0L od dhws 4 (V0)
B o 0SS 3 s U S Gond ppgde 4 b 4 (1) (sl

i b F 53 i 5 (7) 5 0) elokir pt sl ¥ (o
o 43 1y 5, sla Jole ol !LTe(t)=0 ) D)5 4 s
S e Ol 4 (s ol Lo g alinlon| Contoes S s

s s (0 daly jleast i, lime(t) =0 31 oLl

by Ol t> 00 Gl e S5 5 oL ol w

0-[3 ¢, o))
[ ¢ @100, 0w, 0)]
=knf (S Hyter,]H, @1,) "
. a, ®v;k )]
- SIS R H, L Jow, ]
as S5l (nler)’lHkln,keR iy s

WSl ey
> (X HyHa]-
k=n+1 r=n+1 (Y¥)
(z Hr)_l( Z Hkln)zln
r=n+l k=n+1

Pp e 203 5SS de ol fgeme S 235 s Ul e
NG
Gaalys B35 o sy cald ol O35 b caalsl o

n+m

Ko Goben iz el ol By L (2 H)T e

r=n+l

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

é.al.‘.:bﬁ‘;ﬁ&{.}.J:é)'la;&ulQQL&:ﬂbthﬁbj\ﬁb&&bkghm;&jd&:)wdﬁf Y

l_.;QbJ\j.g S n:b’ﬁnbl{ ch.xw ‘wu& dael>

Sy a4 S sl eks ol ok Lo K o se sl b
1) daly g b 5 KE 5 esp 28 A+LC 5 A+BKY
ML X = AX s e LB Sl 35 ol
dpds Al s Gl s s aS e b
il sl W(0KkeR 5 %(0),6(0),7(0)ieF

.!Lrge(t)=0

o213 (18) (5870 56 5 eslinal L xS

X =AX +B, Kil77i +B, Kiz‘/;i e
QL:),:)CJ_)}.@%a)}&ddb-)éd‘j@\)(\A)%‘)L@Jb)‘
S
§=S¢-B Y H(¢&-W) (¥e)
k=n+1
.
b il e s § =[] 4 0 4] S

250k 25 oo 4 0l o

X = AX + BK,;7 + BK,¢
5= (A+BK, + LC)n+ BK,¢ — LCx

n+m n+m

§=[§—ﬁ > Hk]§+ﬂ > HW, ¥)
k=n+1 k=n+1
W, = SW,
e=Cx+ nf D*W,
k=n+1
a=[m M| G ke s S

<! C=diag{C,,C,,...,.C } ;, L=diag{L,L,,....L }

T 0 LIPS
suﬂ;u,xc:[x, n, g} .5 sl

A BK, BK,
A =|-LC A+BK,+LC BK, |,
0 0 S-BY H,
k=n+1

QO

2505 0l (V) dmail ot IS8 40 15 (F9) 0 O 55 0
n+m
s A LSy Z He 5 S Glagm sl ois polie 5
k=n+1
_ n+m _
(S —ﬂz Hk) o polie Soygo OT 43 clisd ols OLES Hy
k=n+1

4y Loy algs (/L—,Byq),r=l,...,N,q=1,...,n Lol

X, =% — X, > HW,
k=n+1
n+m n+m o
=AX + Y B~ > X H,SW, (¥
k=n+1 k=n+1
n+m _
= A:Xc - A:Xc Z Hka = A:Xc
k=n+1

5 S Ol il s A Sl Sl S L
daly 3 eslitel U 1y atemdil> gl (3 b 3 lIMX (1) =0
t—>o0

::))Twzc\{ﬁjd;)rpau.o\j@ﬁ\’)

n+m

e=Cx + »_ DiW,
k=n+1 (¥)
n+m _
:Ccy(c + Z (CcXch + DCk)V_\Ik :Cc)N(c
k=n+1
g Ol ol
lime(t) = limC,%, () = 0 )

Ll b DL

S Y D A X AL AR AN TR RE VP
2 Sl Ms 4 Ul i o b5 b aS Gio doles i
M oot 2l g0 23 Jale S 51 Sy b ol )6 3 guomn J 257
G 0T 55 b X 5le &7 dipls 325 ¥ oJ 3 dslas i
Al G o) L5 G S

kS S glae g S KZ 5 K gl oy e Ol canlsl s
CIB s lae Lol a5 488 515 Eou 3)se (it ($3lgihe
L dal g 1) e

S8 bl gy olgel KLTeF 0 sisest
daly Gy b Sl en KE o 2l 50 A +BK}
K?=U,—KlieF V)

b b ol S Gl el Uy &8 50 e Ol
LiieF o 55w arsl ol 5o .Col odeT Cos 4 (YY)
Ly wes bl moa A+LG & 550 bl 6,5k
e il 4 Olg e (FY) 5 (YY)
S = A+BK, +BK, «)

Sl Sose 4 G daly 3 s il S
A=diag{A A,,... A} S=1,®S
s K=diag§ K, ,K .B=diag{B,B,,..,B}
S s () daly leds s K, =diag{K?, K2, ..., K2}
el 5L, ) 4

A5 5 (V) il 5 (7) 5 (0) ook (e ) didd
S oy 53 (10 S8 046 F I slas s cov K

deF Gjla sl &), 35 o0 oo s Sl s

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

" Sl s S S o3kl b O, o sl Jole 51 Szt o (sl 205514655 35oms J 2

l_.;QbJ\j.g S Gol‘jﬁﬂ‘él{ k;l.f—-&;:u ‘wu& dael>

T K _ g kK _ (Fv)
CXH,+Di=H,+D;=0
Vsl (5l el (V) s easas & by X ol
G35 s g ¥ s by il (V) e b
t—wo
@5 s ¥ ) e s eds0ly ke o b ol
Ao il Culda 05 65 e Slom ] (F) atws
il o (VA) 03,28 o a8 (¥0) abasly i dal s LT aalsl s
Gl bsle Sl slajls oo oS 5 Siuy) Olge 4 Lilg e
s an 8 L s At
gy § i i D b ) oMo
~ n+m n+m (FF)
- _
é’:é’_(z Hr) Z Hka
r=n+l k=n+1

C,.i);d‘jsa(f')j(rf’) L{\j)jlabu;w\l{j

n+m n+m

¢ =¢-> [ AyAsw]

k=n+l1 r=n+l

:[S -p Z Hk]§+ﬁ Z H W,
k=n+1 k=n+1
_S(z |_Tr)_l z Hk_k
r=n+1 k=n+1 (F0)
-[s-5> H.]
k=n+1
[c-(> A0 Y A ]
r=n+l k=n+1
=[S -p Z |_Tk ];
k=n+1
pol> il e (S__,Bz H) « o= 5
k=n+1
NEPRAITE JUICTEI SRR ‘g,b;t.!img;(t):o
Al W, KER e 55 (”Z”:n H)™ '”Zm H, W,
r=n+1 k=n+1

Glaylsy ol oS5 Fus, e 4 Olge 1y (D) (ol b
L.i)é: &lﬁo&uﬂnaljaj)&c.&;jﬁjabwbﬂdb
2S5 pa g B gl Sl

GO (Sl -0

S G g el Ui 0 ealgiiy ) (e ol 5o
olie 3 Slas B oph o luand Jale s L oloin
e b Bl S5l G318 5 58 0l Ui ek | b oS 28
23 P ele ki

s AV ED 5P LY glae S o8 ol s oals Olis V S

o1 08 51 e il gr s 5 5 SlaJule okias e

n+m
il St D0 H el ens ol s Cand ) e
k=n+1
48 L85 s Ul Sy B8 e 4 DB L
A =Py <0 ylsq=1,...n 4 r=1..,N s

Sl sl 35 i st

T

A BK,
-LC A+BK, +LC

N

Cwsd pi e 4 0lg oo il o T alice oS, P'TP

(¥A)

P

:})jT

(¥q)
0 A+LC

%}A}‘Aﬁl{@ﬁjﬁ A+ LC E) A+ BI(1 L;LAU“"LJ;L"

T {A+ BK, BK, }

3y pslhe et Slagm b Gk Sl Atk e PTTP
Ly od20l ol s T sl Kol g a5 b el LS
il s T & 55 wns Olge (il alize (1)
il sp A sl f S n S5 sk DB L ol
RGO [} JR P PN I SV ST peeac e
b s gbon OUTY a2 55 i e dlivs 035 (S35 ctalsl 3
SoF e el 5 el
s 08) e, (POQ)(Y ®2Z)=(PY)®(QZ)

Sholiols s S =1, ®S b

§(Z Hk)ilﬁk:(z I-_|l<)7lﬁk§ )
k=n+1 k=n+1
Sosew Ko 35 st
X, =L ®1,)( X H)* v
k=n+1

g;..&y Q‘):LSA (‘F~)3(ﬁ') (V) .h!b) )‘ abu.i,.u‘\;.)

AX H, +Bf =

(A+BK,+BK,)( D) H)H,
k=n+1
(A+BK,+BK,)( D H)'H,
k=n+1
S(Y. H)'H, -pH, +5
L k

=n+1

(FY)

I

k

=(1,®1, )S_( Z |_Tk)_lHk
k=n+1
:(13®InN )( Z |_Tk)ill_TkS_:XcFT

k=n+1

S

:ﬂ)\s(F\)j(W)‘(\f)Jm.ljjq-\?jlg&:;w

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

1

€

€4,2

é.al;.::ﬁ}ﬁi{.}.&éjla:Uz‘..nlQQL&:ﬂbthﬁbj\ﬁm#gﬁbxggb&yuﬂjuﬁ:)wdﬁf Y

l_.;QbJ\j.g S n:b’ﬁnbl{ ch.xw ‘wtﬁ& dael>

200

200+
-400+

200

-200¢

1=[—30 4],X2=[20
[30 30] X, = [—10
h= [1 2]' M= [1 _2]

-10],

30],

= [_1 3] M= [_2 0]’

a=[2 4 &= 1]

4:3:[0 _3] §4:[1 _2]'
W5=[5 6],W6=[25 9],

—[20  20]

)

JAS sl sy Dl i 0liS IS5 Shes b5 S

BH) o-U)\.Xgi;' 5 5d>es
€ laailse €, 5 8 (JKE ol p3Culedd o) Y S
@l 5l slaadl 3o o558 r ali>She JS oyl a5 L il o
S Wgh oo | San o 4 Sl ) g0 4 0SS 3 5don J 1S

okdgiluand ot ol o.u,l.x@_ﬁs sgdoee J S Gam el OliS

i=1]
i=2H4
i=13 |
i=4
0 5 10 15 20
i=1]
i=2
i=3|]
i—4
0 5 10 15 20

Time (sec)

b o

0185 3 gutoen J 87 (slast Sl (slaail o Sl s s ped 1Y K2

Sl Dl Ol ei 3 b fele Sl e &S e

53 b Jele poles Il Hls y slaad 30
03 s Slafale bug S Sy Sl ol ) ¥ S
N P G T e B N A "V B S I
SOl ) 53 oS 3 4d oo odalive SIS ol s a5 LSl 0l aieiie
oaia T Ky L8 g, e ale Sl s claad g ¢ ol
R L PV P SV RN KL P F BIRE
JAS Gios edasolss & 6,8 o U3 i al I 0 0L

..l.&l:da eJ.b\..\.@.i} 3 gdows

@S 53 & plp By il e ol o8 4 Sl IS
0 S il s A B) Sygo 4 s sl fole 1345 0

Syl

S - 13 (£$)
1 -1

oo bl Salus SVols ol ok w8 k5 o

[RHPR u"'—*‘"ﬁ) L;Uhmj?b: .la.m‘,:

|
LN

(FV)

bl )l Bl 5 K

“ly 25 slagel Ol o Jole 2 sl (VF) dslan J- L
:>J‘5T Cewd
u=[0 1], u,=[1 3],
U;=[1 2], U,=[2

Cyse 4 5o Golwand 3 addoslinul o g sl Sle

(FA)

Ki=[t 1], K:=[-05 9],
Ki=[2 -5], Ki=[2 0],

-2 7.5 ¥
Li:{—l}’ LZ:[—15.5}‘ "
SR
1" ™o
4 5 soleand 5 eslamal 3y adgl byl s Wl Okl

.U:L@ RIS e

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

s Sl s S S o3kl b O, o sl Jole 51 Szt o (sl 205514655 35oms J 2

l_.;QbJ\j.g S Gol‘jﬁﬂ‘él{ k;l.f—-&;:u cdul.'..ﬁaé:- dael>

[1] R. Olfati-Saber, J. A. Fax and R. M. Murray,
“Consensus and cooperation in networked multi-agent
systems,” Proceedings of the IEEE, vol. 95, no. 1, pp.
215-233, 2007.

[2] W. Ren, R. W. Beard and E. M. Atkins,
“Information consensus in multivehicle cooperative
control,” IEEE Control Systems Magazine, vol. 27, no.
2, pp. 71-82, 2007.

[3] K. Peng, and Y. Yang, “Leader-following
consensus problem with a varying-velocity leader and
time-varying delays,” Physica A, vol. 388, no. 2, pp.
193-208, 2009.

[4] P. Wieland, R. Sepulchre and F. Allgower, “An
internal model principle is necessary and sufficient for

linear output synchronization,” Automatica, vol. 47,
no. 4, pp. 1068-1074, 2011.

[5] Y. Su and J. Huang, “Cooperative output regulation
of linear multi-agent systems by output feedback,”
Systems & Control Letters, vol. 61, no. 12, pp. 1248-
1253, 2012.

[6] Y. Hong, X. Wang and Z. Jiang, “Distributed
output regulation of leader-follower multi-agent
systems,” International Journal of Robust and
Nonlinear Control, vol. 23, no. 1, pp. 48-66, 2013.

[7] H. Liu, G. Xie and L. Wang, “Necessary and
sufficient conditions for containment control of
networked multi-agent systems,” Automatica, vol. 48,
no. 7, pp. 1415-1422, 2012.

[8] M. Ji, G. Ferrari-Trecate, M. Egerstedt and A.
Buffa, “Containment control in mobile networks,”
IEEE Transactions on Automatic Control, vol. 53, no.
8, pp. 1972-1975, 2008.

[9] Y. Zheng and L. Wang, “Containment control of
heterogeneous multi-agent systems,” International
Journal of Control, vol. 87, no. 1, pp. 1-8, 2014.

[10] H. Haghshenas, M. A. Badamchizadeh and M.
Baradarannia, “Containment control of heterogeneous
linear multi-agent systems,” Automatica, vol. 54, pp.
210-216, 2015.

[11] H. Haghshenas, M. A. Badamchizadeh and M.
Baradarannia, “Adaptive containment control of
nonlinear multi-agent systems with non-identical
agents,” International Journal of Control, vol. 88, no. 8,
pp. 1586-1593, 2015.

[12] C. Godsil and G. Royle, Algebraic Graph Theory,
New York: Springer-Verlag, 2001.

[13] R. T. Rockafellar, Convex Analysis, New Jersey:
Princeton University Press, 1972.

Followers

———Leaders

\ Followers |

Yy —— — Leaders
—Envelope ||
A LY
15 20

Time (sec)

s Jole Il s s slaadl o Sle3 Ol i Sls 5 ¥ IS

e -1

St sl oLy g sgdoms S Altes lie cpl s
bos Ol oSalts b (a5, sla bole 51 Kz Joloair
$Salys 35 515 s s il 30 Glalgr Dbl SIS
bodd 88 B s ol e g 4 5 s e SlaJule
oA 53 adan Sl glaite s glas )8 3 Sl 4 a5
A5 oslizal ol J S b 5o (Salhs (s S Sl i
A 53 Ol (s 5 ool Ems )3 3 50 Sl sy S nl s
S als ol o sl sl 1) DL o SCalus L sla el 8 S
(Hy ol s s 516,80 s 8 aslinal (g 5 ooy I
w ) am sl ol b Ol byl wals 1) OSGl l
Ols aws ju gls Jule Sl (gla e 51 plas)le Eyoms D50
e ynd s g b Jale ol s 4 Slle 53 5 5 S
SIS 4 o oS Lo 53 g gl (omen Wl
288 53 1) ws e ele 6K 1 i Ol oS b !
olitl (Saly> SLe0l i G 5 5 @lm s oS a8 o1k
e glajlsy Cdoe oS5 Sous, i By 2 S s
bl |y and e (sla fale

OIS (35 s 4 05 oty T Slide sladie
W = SW, Sy 4 0L b aws o gla Jule b Ko g
58 ol ylsly 3554 o paie S il wws o Julo a8
38 Jels & ls Ll 55 15 s ule $SKalys 015 o (opomen
33 ol i ) Sl O3 U587 (o 2 Al oo (Smals
Soalys Jlo glp 555 G5l (ABls Slapiens 53 Jsame sy
Y 4 5 I sle Jsle
255 s Xy = (A +AA)X; +(B; +AB; )y

&y

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html

[ Downloaded from joc-isice.ir on 2026-01-30 ]

[ DOR: 20.1001.1.20088345.1395.10.4.1.7 ]

os,atiaJn;&'.L,s;\uu.wL.ougﬁ;5u&u;\ﬁm#duuxgdum;%u€§;wwdﬁs i

l_.;QbJ\j.g S n:b’ﬁnbl{ L}LM ‘wu& dael>

[14] Z. Qu, Cooperative Control of Dynamical
Systems:  Applications to Autonomous Vehicles,
London: Springer-Verlag, 20009.

[15] J. Xiang, W. Wei and Y. Li, “Synchronized output
regulation of linear networked systems,” IEEE
Transactions on Automatic Control, vol. 54, no. 6, pp.
1336-1341, 20009.

[16] J. Huang, Nonlinear Output Regulation: Theory
and Applications, Philadelphia: SIAM, 2004.

[17] G. Seyboth, W. Ren and F. Allgdwer,
“Cooperative control of linear multi-agent systems via
distributed  output  regulation and  transient
synchronization,” Automatica, vol. 68, pp. 132-139,
2016.

[18] W. Li, L. Liu and G. Feng, “Distributed

containment tracking of multiple stochastic nonlinear
systems,” Automatica, vol. 69, pp. 214-221, 2016.

B s 99 9

Multi-Agent
%Consensus
®Heterogeneous
*Exosystem
®Containment Control
®Convex Hull

"Kronecker

Journal of Control, Vol. 10, No. 4, Winter 2017

P4 Glies 3 oF ojlot )+ tlor ¢ 287 Al


https://dor.isc.ac/dor/20.1001.1.20088345.1395.10.4.1.7
http://joc-isice.ir/article-1-226-en.html
http://www.tcpdf.org

