




Journal of Control,  Vol.2, No.2, Winter 2009 ��� ����	
 ���2����� �2 ����� �1387  

�

 
 

 

 

����� ��	�
 �� 

1  ����� 	� ���� ����� ��� ����� ���	 �!�	� ���"#�  $%��� 	� ��
�% �&�'� ()*�� ��#�
 � +, ��%��� �
�-��. GPS/SDINS  

���� �
�� ��� ����� �!"#$ �����%! ���  

12  /��0� (1)2� �3��4 �500� H� �  �26 7�8 ����� 7��9 ��6 	� �0�&��- �'�� � 	��  :%���;� ��)�
����� 7�8  

��&% ��'(�)*$! ���+��, -.%/! 0�� ���4 ���5  

20  �!�	� ���	 5%5� 	� �3��4 �<*��0� ���=2� ����� 7�� 7�8 ����� 	����6��  

�	* �9����, ��5�: �	��, ���
 ��%

28    7�85;0%,�
 >���0%� 	� ��� 	��� ��?��QRDS     7�85;0%,�
 /�;�0� 	�  +, ��	�;� �   ��6�;� 7�	��
�-��@ 

������%! ��*;	 ��5!<��� �*;	  

����� ���#<-� ��  

The application of non-cooperative Game theory in B2B electronic market 

Sahar Sohrabi, Mohammad Jafar Tarokh 

1 

New Steady State Kalman Filter for Tracking High Maneuvering Targets 

Seyyed-Amin Hosseini, Mohammad Farrokhi 

8 

A Behavioral Approach to Estimate Area of Expertise for Cooperative Q-Learning: 
A Self Referenced Strategy 
Ahmad Imanipour, Majid Nili Ahmadabadi, Babak N. Araabi, Masoud Asadpour, Roland 
Siegwar, Aram Zaerpour 

25 



Journal of Control,  Vol.2, No.2, Winter 2009 ��� ����	
 ���2����� �2 ����� �1387  

�

 

�#A� /��0������!���� – ��=<>?@%!�
�� ��5��A�$���B +��CB D��C�5 E�CF�FGB ��CH5< ���$��C
�� -*C�� IC��J
K'B��$�%�	# ���	
<�!"$!��L���'�� .�!���N,�'��*�H5+�!����!*���$��!*�������!�*�5:

1 (�����(�����%�	���'� ���%<#$��	 �%���#����%.

2 (P��GB<�,!�)Q���% ��=���	
��4���?�*R�=Q���% ��=���	
�S�<��S���T��#����%���	
��F�'SB ���	

-<�F< ���	
��	�#$��#����%���	
��	��*= ��#��C��% ��C�	
 ��4��C;B ��#��C��% ��C�	
 ��C��A ��C��?< ��C'�
�B

��#����%��&$!U�%<.

3 (V�5<�B�W<V�B�$�.

4 (�!"$!��L�<��#����%Y�
�B��!�<E��.)!��*�	%.

5 (�%�*B!*���&	��*R�=��#����%���	
������AK$!����5! – �+�����#����%�	��!<[�J�B ��CS� ��#��C��%
����F�F,<��#����%���	
��"�!<�?*%.

��=��$��
��*�L.�+�!�����%<U��*$<� �5!*B�� ��5��A�$\!*5!�4]�=�	���$�.�!�]���� �!*B�$ ��!*C �C�� ���C�!
�*�5:

1 (��#����%@�!�=<��$<�5
2 (�4]��=�	���&	�P���4]��=�	��������<�^*(*	WB*�$.

3 (�4]��=�	�_!�J�%!<��<!�4��!*�5�&.

4 (��#����%P�,<PF5<<��*���=��
�*�.

5 (��(*B<U��*B�<��5`�$.

6 (�%�	#K�G@���<�%�	�!*=.

7(�%�	#�^*(*	WB��(*B.

8 (��#����%���;�L!<�(�.

9 (��#����%��B��.)!�B!�$�J<�W'� ��=��&	�.

10 (�%�	#�W�"?.

11 (��#����%c�*]�	��*=.

�!���
�!�d�=<>?<��%�	���
��&4���	�� ��=K'B��$�%�	#���	
<�!"$!��L�E*��P�&$� ��]�B E/�CF< D��C�5
+���] ��=��<��%�����<��=<>?�*�!��$+�!�����%�!�	���5.�=!*�	��@%!E/�F�*�!��$E�*��W�5<��W(!�$
e��] control@isice.ir��%�!�����4 .$�!�Y�
E��.)!$����<@4�����*G5��#B<��%�! E/�CF �C  �C�5!*B �C$   @��C%
 ���$e��] � www.isice.ir  �&�!������5.



/��0� �#A�                                                                  ����� 1387 ��� �2 ����� �2 �Gf� �11-1                                                    
 

Journal of Control, 2009, � Iranian Society of Instrument & Control Engineers http://www.isice.ir  ����	
 ���1387L� �!"$! < ���	
 ��%�	# +��5! ���!��! � 

 

 ����� ���	 �!�	���� ����� 	� ���� ���������"#�GPS/SDINS�   
�-��. $%��� 	� ��
�% �&�'� ()*�� ��#�
 � +, ��%��� �  

 ����%! ���1 ���� �!"#$ �2 ���� �
�� ��� �3  
1 h��4 �!�#B ��d�5!� ����	
 �<�A ��B*�i�
 < `�$ j�W�5!� P�;G�(!� a.asadian@ece.ut.ac.ir 

2 �� YSL�!�#B ��d�5!� ��B*�i�
 < `�$ j�W�5!�  ��	��*= c�!��? < ���	
 �� �moshiri@ut.ac.ir  
3 �!�#B �%*) +��(!��;5 ��!*� ��d�5!� �`�$ �%�	# ��W�5!� �sedigh@eetd.kntu.ac.ir  

  
�5�BC :��l ����4 �$ �	�' < -<�F ��<� �(�F +�! �� �f�B Q���% �� @(�, +��JB �(�� �!�$ �! �FGPS/SDINS � �m!�!�*� . c<�

�S� �$ �	�' �
 ��4�� �&%*B +�(�
 ����4 �*n �*n �W�%.
 < ����4!��� �� ���% �	5� �5!�G$ ��!* �� �	�� ��$<�5 �� ����$
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 �
 ��#� ��=P��G p.�
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� !�A!< � �(�F +�! �� ��� �4�& c<� ���A��W$ �$ �W�(�,�� ��*�  @�<� �����5 K�!�� �� �$*�S p��'�5 @L� �$ !� ��$<�5 �!*B
�!� -��5!.�

����
 E���
 :��l ����4��!*=� q�'B�! USL ��	�� ��$<�5 ���4�� �&%*B +�(�
 ����4 ��! �F�f�B Q���% ��!GPS/SDINS   
Abstract: In this paper, a robust state space estimation technique based on particle Kalman filters is 
presented for GPS/SDINS. The well known extended Kalman filters can fail under critical condition 
such as loss of satellite data in urban environment. This is due to physical obstacles present in such 
environments and leads to Kalman filter divergence. It is shown in this paper that with the proposed 
technique, this problem is mainly overcome. 
Keywords: Particle Filter, Extended Kalman Filter,  
 

 
�

1- ��5��  
 �F�f�B Q���% ��<�!GPS/SDINS  < @L� ��*$ /�$ P�(� �$
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�����������������������������������������������������������������
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1  Benchmark 
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���? ��� ��!tA  �5!]2 .[  

Q���% �!�$ +�(�
 ����4 �
 @%! �#��$  �%*A "�*5 �$ �S� ��=
%! �	�#$ w!*� �!*	&$ ��4�� �&%*B +�(�
 ����4 E�*;	�! ��T �� �(< �@

 P, �� V�%.
 ��<� ���!�5��%! +�(�
 ����4 �!�$ Y%�	 �	�"d���
@��! �(�� +�	n . ��]10-7 [�%��$ �	�� +�! ��  ��4�A E�*� ���=

@%! .�d	�#$��� �(�� �! !��2  Q���% V� �� ��4�� �&%*B +�(�
 ����4
��� �! < �S���T �F�f�B Q���% �GPS/SDINS q�'B�! USL Px& �

��!*=�  w�	��! ��! ���#� ��=��$��
 �� < �	�� ��$<�5 �� �!
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 ����4 I&9 q�F5 �! �
 @%! ��t?�5  �*�]16.[  
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2  Suboptimality 
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 PW�1 : �F�f�B Q���% �� ��!� Y�
�B ��
 -!�A��� y*�$GPS/SDINS  

  
�#$ �!�$ +�*5 ��<� �(�F +�! ���	  �
 ���!* �� +��JB < ���%

Q���% �$ � �m!�! �Q�#�!* �%*A��T "�*5 �� < �S���T ���= �*� . ���!
��l ��=����4 ���H5 �! ���f�%! c<� +�! ���! �!3  U$�B ���<] @%�$ <

��!�5! �!��$ �$ ��*B �$ @(�, �!��$ q<�� ����,! �(�dn ���A  < �=
� "�$ ��*vB �! ���f�%! ���$ .�� ����5 � �	�#$ +��JB �!*B  �= �! �!

 z5���!< ��*$ PL!�, ���& e�%! �$ @(�, �!��$ ���	� �! �!*J(� U$�B
��<] @%�$ �S� . Y�
�B @(�, �� �����% +�	n ��
 -!�A��� y*�$
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+��JB � �A � �
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!�n
��!�5! ��<!� @��%< Q�� �$ ��!< �<��5 ���A  < @�&L* ��)*$� �!

� +��&B �HG( �= �� !� @�&9< �	
 . ��S� �
 @%! +�! "�5 �] Y��
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3  Particle Filters (PFs) 
4  Centralized Data Fusion 
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5 World Geodetic System 
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�*� |�4 �A! �<.� �$:  

0: 1 1: 1( , ) ( , )k k k k k kq x x y q x x y� �� )33                              (  

 U$�B ��d5])(&q  ����F �$ �#	B1�kx  <ky � !��? �d��$  �� < �	


 P�WB �#	B �
 @��4�
 �#	B �d��!��? Q���%
i
kx  �5 <0: 1

i
kx �  <

1: 1ky � �*� ����l )Ni ,...,2,1� .( ��� u.�! �*5�L ����5 ��
��< ���
�<�$ � ���*5��$ -�4 +�! �$ �= �*�:  

1
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i i i
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 +��JB <�$ �*$ �=!*� �$!�$ �H5��*:  

1:
1
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N

i i
k N k k kk

i

P x y lim x x �)*
�

� �+
)35                      (  

 U$�B w�J�5! �*G5 ��5���L�$ Q# ��W5 �#	B)(&q  �] �$ ��	�! �� �
 @%!
� ����! �*� .Q#  ��� PL!�, �U$�B +�! w�J�5! �!�$ ���& +��B

��< ��*�� z5���!< �=�*H	 �$ o�!"4! < +��JB ��S� o=�
 �
� �:* E!�l �!�&B ���$ . ��]11 [ �4�& E�*� +�! �$ �	�#$ �!�F +�!

 ��� @%!:  
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i
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i
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i
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i
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i
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 �	�"d��� �$)(&q  �S$!� �� �	�#$)34(� @%�$ ��� �*5�L � ��]:  
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 ��n� !� � w�J�5! +�!2 � �%�%! Px& �	
 . Q��	���5 � �W	�! �W�

 U$�B �! �
1( , )i
k k kP x x y� �5*�5  �$ ���5 �W	�! ��d�� < Q�	
 ��!��$

�!�d�5! Q��!� E!�l �!�tA E/�,�! ���A . ��!* �! ���� �� +�!�$�	$
�� ���$��W$ �S$!� Q�F)37 (���<] @%�$ �!�$)(&q  �!�	n ��	�#$

@��5 ���� .��!* Y�T! �� @��#5 ��)(&q  PW� �$ !�)38 ( w�J�5!
� ��< ���
 �<�$ �!�$ ���	� �S$!� < �		
  �') �=)39 ( @%�$
� ��].  

)(),( 11
i
kkk

i
kk xxPyxxq �� � )38                   (                      

1 ( | )i i i
k k k kP y x  �% )39                                                       (  

� �m!�! +��JB �(�� @#� ��� Q���*d(! @��#5�� ���A:  

1 - N  �4��;B �!��$� �1 2
0 0 0, ,..., Nx x x� � �  U��*B �$ ��*B �$

|<�f0 0 0( | ) ( )P x y P x� 5!� w�J� �5*� . +�! �! -!�
 �=N 
��l V� �!��$ � ����5 �*� .�

2 -  ��*��� �1 2, ,..., N
k k kx x x� � �  V��	�� �$)17 ( < ����!

� �1 2
1 1 1, ,..., N

k k kx x x
 
 
� � � � @%�$ �] �$ ��*B �$ ��].�

3 - �')]14[ U��*B �A! �kv� ��< �	�#$ w�J�5! ����$ �%*A  ��=

1{ }i N
k i � � ��� K$!<� e�%! �$ ���$:  

1

i
i k
k N
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j
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)40                                                                         (  
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2
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� �� �� �� �
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� �� ��� �
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+

+

�

�

�

)41            (  

�W��*) �$:2 1 m[ ]  , a Rv
T v

R
a a R a�� .�

�  <(0,1)- .  V�
 < ��*!�4 Y��9m @%! ��<�� �!��$ �&$.  

4 - ��< �'%�G �$ ��*B �$  -�A �� �	��JB ����F ��=k  K$!<� �') -!
)43-42 (� �'%�G �5*�.  
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5 - ��l �!�&B �*� w��, �:* ��=:  

2

1

1

( )
eff N

i
k

i

N


�

�

+
)44                                                                 (  

�S$!� �W�B�*� ��) :2
3th
NN � (eff thN N/  ����$ �!�L�$

�5*�5 Q���*d(! ��� ���A12 ��< < ��� !��!  ����F �$ �= :

� �
1

1Ni
k i N


�
� �5*� ��5!��A�$.  

6 -  ��,� �$ �&�!� �$2  p!��� �H5��* @L� �$ ���%� �B �5<� +�!
�*� �!�WB.  

 ���$  c<� +�! �! ���f�%! -�d	= �$ �
 ��# Pm�� �! �d�� �W�
! ����A �!�L ��*B ��* w�J�5 �	�#$N @%! . ��]11 [ @%! ��� @$�:

��< w�J�5! �
 �S$!� �') �=  K$!<� �$ ���& �!)41 -40( Y�* �
��l �!�&B o�!"4!  ��!�d�= @��% o�!"4! ����5�� < �:* ��=

� �*� .��l �!�&B �n�=  ���
 �(�� �B�'%�G �	�"= ����$ ���
 �=
�� �=!*� ����$ +��JB ��S� |*� �� @%! . z5���!< �n �= p/*�!

��< ��=:� �
1

Ni
k i


�

 ��l �:* �!�&B ����$ ����$ � ���
 �= �*� . ��
�5*�5 Q���*d(! K%*B ��!* �5*d	�! ��l ���� ���A  ��< �
 ���=

��� �"�(��5 ��< �$ ��l �	n �$ V��= @%! ��"$ �#5] �$ ���	� :

� � 1i
k N

 � � �(<��l zW��$ < P��'B E<�f� �5�W �  �
 ���=

� ~t, p�'��FB �@%! Vn*
 �#5] �$ ���	� ��< �5*� . ��, +�� ��
 �=!*� @$�: p�'��FB �!<��� +�! �! �&$ < P'L E!�l �! ���5 U��*B U$�B

�5� .�5*�5 �!�$   �� ��� �m!�! c<� �! ��� ���A]11  [�� ���f�%!.  
 ��,� ~t, E�*� ��5 � ���
 �<�$ �! ��,� �	n �! z?

��<  Vn*
 ����$ �d�� ���$ �$ @'�5 �= ��l �! ���$ ��< @'�5 ��=
� P� �f� @�% �$ p�����B < ���  �
 @%! �	& �!�$ +�! �
 �	


��l �! ��!�&B p.��  E/��& �� �5!�	n ��:�B �=)43-42 ( < �5�!�5
��*#�$ �B�'%�G �	�"= ��< ���
 �<�$ ~�� �! � �#5] ��=  �*�

)��< ���� �A�	
!�? PW� �=.(  
 ��*!�4 Y��9 w�J�5!-  ��,� �� Q=3  +��xB @#�

 @�!*	W� ��!�d�=1:
ˆ ( | )k kP x y  ��� o�!"4! �$ �] �&L!< �!�F �$

�����������������������������������������������������������������
�

12 Resampling Algorithm 

� E!�l �!�&B ��*$ �4�
 q�� �$ ���$ . ��
 P,!� @��#5��
��4 Q���*d(!��l �� � !� �!  PW� �� �!*B)2 (��
 ��=��.  

  

 
 

 PW�2 :��l ����4 K%*B @(�, +��JB ��
 ���� �!  

�

4-  ��=� S%��- 7@��  
��'� -��5! �!�$  ���*] �J�5 �! ���� ����F Y�
 < ���%

 ��5�$ PROGEN  <SatNav  K%*B ��� �m!�!GPSoft  �� ���f�%!
]17 .[ P��4<�? V� ��5�$ +�! �� �*) �$ < +���? V��	�� �$ �	
 ��
�,

11 �'� < ��(*B �F�L� ����4 �*W%<��^ K%*B ��� ��5!*� ����F ��=  �=
w��� < D	% ��!� < �=  @�<� P$�L ��!*=� ��#n �!�$ �)*$� �5�W ��=

� �m!�! �*� .�5*�5  �,!< ���AIMU   z5�
�4 �$Hz10  ��5!*� <
�'� �!�F ����4  z5�
�4 �$ �=Hz1 � E�*� ���t?.  

  

 
  

 PW�3  :+���? V��	�� �$ �!<�? ��� P��4<�?  
  

 ��� E�*� �$ "�5 ����(� �!�$ ���f�%! ��* ���� ��=��!��?
�5�� w�J�5! . �,!< V� �=��!��? +�!IMU  @L� �$ @��L �!��!

� �� !� K%*� �	
.  
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  acc gyroa a� � 0015/0 �

T � 300�K�clocka � 002/0  
�bar013/1p �  I4 -10�905/4baccw

�+  

�mbar35pe �  bgyrow
�+ 09/0 I�

I12-10xw
� �  I5-10vw

�+  
��l �!�&B  �S� < �&% �$ Q= �=500  P��4<�? �$ ��*B �
 �� w�J�5!

 �H	$ �4�
 �!�&B  +�! �@%! U��% ���� E!����B �L�4 �
 y�G� Q��
� �%� . �� �%��$ Q= ��d�� E!�l �!�&B ���� ����F @#� ��'(!

�� �=!*� ����! �] �$ �!�! �� �
 .�� |�4 +�	R�= :98.0�- < 
����A w�J�5! ��� -�4 �$ "�5 @(�, �!��$:  

0 1ttrqpwvuEN xbbbbbbturnpitchrollXX �,,,,,,,,,,,,-VV,V,,-X,x DEND�  
#�� ��4�A �H5�� �5!�G$ @(�, p�4�� �����F < �$����! @  ��*�

� |�4 +�!�$�	$  ��5�: �� �
 Q�	
480 ��� �4! �! ��!*=� V� -!
� _��� ��5��A �*� . PW� �� �
 �*S5��= @(�, +�! ��)4 ( ����

� ��JB ��*� p�'��FB -�f$ < @��% �$ �+�(�
 ����4 K%*B ��� -��5! +
� !�A!< �����5  P$�L p.�! �5!�G$ ���$ ��#�5! �� +��JB ��S� < �*�

@��5 �*'L .o�? P$�L �! +�!  @�<� -�� Px& !t( < �*$ �	�$
��!*=�  Y�
�B �(*F �� +�(�
 ����4 ��W��� �
 @����!* �! �W� �=

�5 Q���% E��.)!� c<�J E�� �$ !� ��$< �	
 . �*G �f� �SF5
 ��5�: < �5!�G$ �HG( \<�� �$ �'S	 ��!�*�5 +�! �� ���480@%! -! .  

  

  
  

 PW�4 : @�<� |�4 �$ ��W +��JB ��S�3 ��4�� �&%*B +�(�
 ����4 K%*B ��!*=�  
�

 PW� �') �
 @��(�,�� �! +�!)5 ( ����$ ���#	��? c<� ��S�
���4 �! ���
� < @%! ��4�� �&%*B +�(�
 �  �� ��$<�5 @#� �5!*B

���A �!�L ���f�%! ��* w*�S p��'�5 @L� �$ �5!�G$ K�!�� . �$ ��'(!
��!*=� �!�&B o=�
  PW� �') ��=)6( ����4 �� ��!���?�5 �:! Q
 Q
 �

��l �  ��=�� "�5  �! �*�.  
  

  
  

 PW�5 : |�4 �$ ��W +��JB ��S�@�<� 3 ��!*=� ��l ����4 K%*B �!�! �$ �! :
500N=  

  

  
  

 PW�6 : @�<� |�4 �$ ��W +��JB ��S�2 ��l ����4 K%*B ��!*=� �!�! �$ �! :
500N=  

 ���$ �!��$! �� ��* <� �= �� �
 @%! +�! PW� <� +�! �� Q# ��W5
 �W	�! �$ ��*B �$ �
 ��!� �!�L �(*'L P$�L ��<�G ��  �S� ��5!�G$

 U5!* p�*�� �=�� �=�B*
 �5�� U)�F �� p�4�� ���#� ��$<�5 ��
� � `*4 c<� ��5*�  �*n �(<!�� c<� �!�$ �$*� +�"d��� �5!*B

���$ �B�HG( +�	n �� +�(�
 ����4.  E!�l �!�&B �!�! �$ o���] +��=
200  <1000  ��W�! �� D���5 �
 �� -��5! "�5)7 ( <)8 (�*�� ��=��.  
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 PW�7 :B ��S� @�<� |�4 �$ ��W +��J3 ��l ����4 K%*B ��!*=� �!�! �$ �! :
200N=  

  

  
  

 PW�8 : @�<� |�4 �$ ��W +��JB ��S�3 ��l ����4 K%*B ��!*=� �!�! �$ �! :
1000N=  

  

 ��W�! ��)9 ( <)10 ( �)�� ����,! �(�dn U$�B +��JB �5�� -�4 "�5

NX  <UX  �� @(�, �!��$ ���	� �! *x� <� �!*	� �$60  �<! ��5�:
�!�! �$ @
�,  ����4 u*9< o�!"4! �
 @%! ��� Q%� ���! @(�, <�

� �*#� p.�
 -<� @(�, �� ���$.  
  

  

  
  

 PW�9 : ����,! �(�dn U$�B +��JBNX  <UX  ��60 �!�! �$ @
�, �<! ��5�: 
100N=  

  

  

  
  

 PW�10 : ����,! �(�dn U$�B +��JBNX  <UX  ��60 �!�! �$ @
�, �<! ��5�: 
1000N=  

  

��!*=� q�'B�! USL o���] ���/�$  �! �!�$4  E<�f� �!�FN 
�� -��5! . ~!�G5! < K%*� ���� ����F +��JB ��S� ��!�5��%!

 �<!�� �� ��� �
l �5!�G$ ���$�� ��W)3 ( <)4 ( ��] @%! . ~.��!
@%! @�!��$ P$�L �$*� �$ ��!��! ����F �$ ����4 <� ��W��� . ��*B

 < ����5 o�? �5!�G$ @(�, ��!* ���� �� @%! +W� P�� �� �
 �*�
��!*=� �!�&B 5!�G$ �!�F �! ���
 �@�<� @GB ��= �4  p.� < �*�58 

 ��9 ���$ @�<� P$�L ��!*=� . ��W��� �f, �! ��	��)! @#� +W�(
@%! �!"(! ���� K�!�� +�	n +�4�A �H5�� ���#� ��$<�5 Q���%.  
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 �<��3 : @�<� |�4 �$ ��W +��JB ��S�3  ��!*=�)��(  

  
��S�
K%*�  

~!�G5! 
�S� ��!�5��%!  

����4 ��l �!  

100�N�= 27/26 84/22 
200�N�= 70/21 94/16 
500�N�= 91/12 73/12 

1000�N�= 89/11 11/10 
��4�� �&%*B +�(�
 ����4  195/59 644/48 

  
 �<��4 : @�<� |�4 �$ ��W +��JB ��S�2  ��!*=�)��(  

  
��S�
K%*�  

~!�G5! 
�S� ��!�5��%!  

����4 ��l �!  

100�N�= 67/146 17/137 
200�N�= 31/98 18/90 
500�N�= 51/50 08/40 

1000�N�= 12/42 59/36 
��4�� �&%*B +�(�
 ����4  64/371 35/324 

  
� �#��$  @G� �!"� "�5 �5!�G$��T < ���� @(�, �� �
 ���$

��l ����4  @%! ����$ +�(�
 ����4 �! YB!� �$ �!) w�J�5! q�� �$ ��'(!
�4�
 E!�l �!�&B( NG$ ��* �! +�! ��	�! �� �
 � @��5 �]16.[  

 ��� ���� ���$<�5 Q���% ��W��� �� @G� o�!"4! +�! �	�"= �!
@%! �(�� �B�'%�G ��$ .��l ����4 +��JB ��5�$ P
 �!��!  �*) �� �!

 ���11 �F�L�  V� �<��$ ��$<�5 �!PC  ��5�!��? �$AMD�Athlon�

XP� 1800+  �H4�, <512�MB� (DDR� 400�MHz)  �!�! �$ <
500N=�<�, � 97/89 ����5! �*S$ ��5�: . ����4 �!�$ o���] +��=

 �<�, +�(�
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 �5�� �� ����4.$ �(< ���
 ���f�%! ��4�� �&%*B +�(�
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��
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V��	�� �� �
 �� �
l P�(� +�!  Q���% �� ���!<�? ���� ��=

 �F�f�BGPS/SDINS ���R�? E�� �$ ��'� +�! �� �R5] �! �B  ���%
�S� < ��*$ �@4�A �!�L ���f�%! ��*  ��!*�� p��'�5 ��
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�5�BC: -<�F ��		
 ���	
 +v�S �,!�) �(�F +�! \*9*H*

 Q���% �!�$  �� �$!�� �*�< �$ �5�� ����B �!�!� +�&�5 �S� ��=
y�G � ���	
 ��=          ���$.�� |�4 �	�&�5 �*�  ���!��? ��=�$  �<�G -�5, E/��& ��= z��B� -��B �� �	��$ ���!� �*x, @(�  <

� `�fB! �#
�G �! +�& ��*�� ��� V� �� �$!�� ��4! .� ��#	��? ��4�� �&%*B �B�W�� ��'� �(��& V� ��v� +�! P, �!�$  �� �
 �*�
���4� < ��!���? �Q���% �$ �] K%*B ��] @%�$ ��		
 ���	
 ����! < �] P, �$ @��#5H*

 = �S� \*L< UL!* �� Q= < ���� @(�, �� Q
y�G �� �� �=!*� +��xB ���	
 ��=.�

�^!< ����
 ��= :���	
 �+v�S ���	
H*
 Q���% ��S� �5�� ����B �+�&�5 ��=.  

Abstract:� This�paper�deals�with� the� reliable�H�infinity� controller�design� for� linear�uncertain� time�
delay� systems� in� the� presence� of� actuator� failures.� It� is� assumed� that� the� norm� bounded�
uncertainties� are� present� in� all� system� matrices� and� the� actuator� failures� occur� among� a�
prespecified� subset� of� actuators.� A�modified� algebraic� Riccati� equation� is� derived�whose� solution�
provides�the�desired�controller.�The�proposed�controller�guarantees�robust�stability�and�H�infinity�
performance�not�only�when�all control�components�are�operational,�but�also�in�the�case�of�actuator�
failures. 
Keywords: Reliable Control, Linear H-infinity Control, Uncertain Systems, Time-Delay 
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 �� �] �$ ��<� �
 ��4�A]1[��m!�! @%! ���.  �*'#$ �*H	 �$ �<.� �$
� ���!��? ��= �	�&�5 �$!�$ �� -<�F ���4� ���	
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 ��=�*�	% < �= . +v�S �,!�) �$ ��v� +�!
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 �����$ ��#�.B ���tA �� �	�� +�! �� �$ ��� �&% < ��4�A E�*�
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 �!�$ ����� c<� �(�F +�! �� . �d(��	
 �,!�) ��W! ��(��	
 c<� +�!

���% � +W� !� Q���% �5�� ����B �! �H5 ��* D5� �!�$ w*�S ��W��� �$ �!���? �F�'SB .!�'� K%*B !��$! �*H	 +��= �$ ���5
 w*�S ��!��
 ����� U�� �� �F�'SB �d(��	
 �,!�) �$ zi% < �*� � ��&4 ��T Q���% V� �$ P��'B �!�����B Q���% ���!<�*4��4

���A � P��, Q���% �!�$ . Q���% V� �<� �$ �d(��	
 <� �= ����4 �(* w���� ���	
 c<� �$ ��� �m!�! c<� ����F �*H	 �$
 �<� �!� �! @
�,�5! ��� ���% ��'� ��5*�5.�

�^!< ����
 ��= : P��'B U$�B ���&4 ��T Q���% ����4 �(* w���� �d(��	
 ���!<�*4��4 ���5!�'� �U�� �� �F�'SB �d(��	
 ��5�� ����B
�<� �!� �! @
�, Q���% �@'� �F�F, !��
! ����=.  

Abstract: In this paper, a new adaptive controller is proposed to ensure suitable stability and 
performance of the system with time delay while a wide range of time delay is considered. For this 
means, a feedforward compensator is designed to make the system passive first and then a new 
model reference adaptive controller (MRAC) is designed to have a good performance. Good 
stability and force tracking are the achievement of this controller. A command generator tracker 
(CGT) is designed for a sample teleoperation system and the results are compared with the 
proposed system. 
Keywords: Time Delay, Model Reference Adaptive Controller, Feedforward Compensator, 
Command Generator Tracker, Passive System, Teleoperation System.  
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 !��? �5!<!�4 ��$��
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1 Cycle Time 
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�� ��� �� �<� �!� �! @
�,]10[  ����F Q= �$ c<� <� < ��� ���<]

�5! ��� . �!�!� ��� �m!�! c<� �
 �=� � ���5 c<� <� +�! ����F
 c<� �$ @'�5 ���#$ 0%�?CGT  c<� �
 @��<�G +�! < @%!

CGT  ��*$ ��4 Q��	� �! ��	��)! �(< ��!�5 !� ���$ w!*� �!�!� ���$
@%! c<� +�! ��#���<�G �! �W� �*� �	�!�4   . oJ$5  ���A ����5 �$

��!��? � ��� �m!�! c<� �!.  
�

2-  /�&
 ��W 	'X0� � �	��	'
5�
 @��-��=� �3��4
/��0� �.� 50%,�
 7@�� ]15[   

�����������������������������������������������������������������
�

1 Reconstruction Filter 

 ��xL �$ �&�!� �$1 ��=��  !��
! ����	
 @GB Q���% �A! �*� �
��<�� ��&4 ��T2 �<�G ��<�< �!���? ���$ �F�, Q���% P
 ����$ - 

�<�G ��<��3 �*$ �=!*�.  
  ��YZ1 :PW� �� ���$ �F�, Q���% �� �A!)1( �1H  ��T ��<�� !��
!

 < ��&42H  ��	��$ ��&4 ��T �!���? ����$ �F�, Q���% E�*;	�! ��
�<�G ��<�<- �*$ �=!*� �<�G ��<��.�]12[  

  
�
�
�
�

 PW�)1 (���$ �F�, Q���% V�  

  
 �d(��	
 �W	�! P�(� �$ < ��xL +�! �$ ��*B �$2H  �*H	 �$ �@%! ��&4 ��T

4 ��T !��
! !� �	�]�4 �
 @%! -�/ �Q���% ���% �!���? ��<�� ��&
Q����5 . ��� ����xL e�%! �$ ��!<�*4��4 ���5!�'� �! �*H	 +��= �$

Q�	
 � ���f�%!.  

 ��YZ2  : �A!1 2
dsG( s ) G (S ) G (S )e�� 
  @'� �F�F, !��
!

 ��d5] ����$G( s ) �*$ �=!*� ��<�� ��&4 ��T !��
! .  
E�':! : ����91.  

 `*4 ��xL e�%!�$ ��, ��	�]�4 ���% ��&4 ��T !��
! �*H	 �$ �!*B �
��$ ��W$ ��� ��xL �$ �$�S !� @'� �F�F, !��
! q��.  

 ��YZ3  : ��!<��*4��4 ���5 !�'� �A!H( s )  �,!�) ��� K�!�� �') �$
��� �4�9! �	�]�4 ��d5] ��*�4 a pG ( s ) G (S ) H(S )� 
  �$

E�4!�G5!5 	�]�4@'� �F�F, !��
! ����= ��6 (ASPR) �*$ �=!*� .

)Ts
pG ( s ) G(S )e��(  

1 (H( s) ���$ V� �] �'�5 ���� < ���$ �!���?.  
2 ( ��5 ��� �4�9! �	�]�40G (S ) H(S )
  @'� �F�F, !��
! ����=

���$.�

)3  (S ) RH*� .�   < 1|| ( S ) ||
*

� >�   �] �� �


0

0

G ( s)W ( s )( S )
G ( s ) H( s )

� �



�   

 E�':! : U��]11[.  

�����������������������������������������������������������������
�

2 Strictly Output Passive 
3 Bounded Input Bounded output 
4 Augmented System 
5 Perturbation 
6 Almost Strictly Positive Real 

( )r t
1( )H s �

2( )H s �

( )y t
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 `*4 K$!<� ��0G ( s )  P��'B U$�B ��5 �!�FG( s)  <W ( s)  �,
 �/�$( s )� @%!.( s )�  K$!<� e�%!�$ < @%! �	�]�4 �$�9 �	�&�5

��] � @%�$ ���.  
 0a(S ) G( s ) G ( s )� � �  

  1Ts
m(S ) e�� � �  

 0p a mG (s) (G ( s ) (S ))( I (S ))� 
� 
�  

 1
0m a m( s) (S ) G ( s ) (S )( I (S ))�� �� 
 � 
�  

 0pG ( s) G (S )( I (S ))� 
�  

 q�� ���
 Vn �!�$2  ��xL �!3  ��xL �! �!*B ���
 ���f�%! ���.  
 ��YZ4 : P��'B U$�BG( s)  < �A! @%! @'� �F�F, ��F�F, Y�!�9 �$

�	��$ �!�L�$ ��� K�!�� �A! �#	B�]12[.  
1 (G( s )  �*G @%!� @�% �� �'SLj ���$ ���!�5.�
2 (G �<� ���#'SL U$�B �A! �*j  ���% �#5] ����$ ���!� @��#	�$ �� ��

�	��$ @'� ��5� �$.�
3 (0Re(G( j )) 3�

 ��#)��1  <2 �	��= @�B P$�L ��,!�$ . q�� @�B �!�$3  @%! �4�


 U$�B �!�$ ��� q�� �
B( j )G( j )
A( j )




� �*� Vn.  

 0 0f ( j ) Re( B ( j ) A( j ))       for     � � 3 3  

 �*G5 �$ !� ��!<�*4��4 ���5!�'� �`*4 ��= ��xL �$ ��*B �$ +�!�$�	$
 �$ ��*B �$ < �*� ��<�� ��&4 ��T !��
! �	�]�4 �
 Q�	
 � �,!�)

 ��xL1 ���$ �F�, Q���% V� ��� �,!�) U�� �� �F�'SB �d(��	
 �
�!� �=!*� @%�$ �!���? . @%! �] �*� ��*B �!�$ ���$ �
 ��# ��W5 �


 y*�$ �� �B!��#�B ���$ ��	�]�4 �$ ��!<�*4��4 ���5!�'� ���% ��!* �$
 ��<�� ��	d�% �$���� �(�� �
 �*� ��!� U�� �� �F�'SB ���	


���A �f, . +�! �,!�) �� ����� c<� �NG$ �!�! �� �*H	 +��= �$
@%! ��� �m!�! �d(��	
.  

  
3-  /5� ���=2� �<*��0� �3��4 	� 5%5� ���	

����6 @� >5�
 � T���  
���$ ��� -�4 �$ �H5 ��* �	�]�4 ��	
 |�4.�) PW�2(  

 

0
1 2

1
0 1 0

1

0 1 1 1

-ds

b  B
y ( t ) y ( t ) y ( t )  u( t )

A
Bb b   u( t ) Ay ( t ) b  B   e  u( t )
A

b b   B A / A * u( t )

� 
 � 


' �




 

Q�	
 � w�J�5! ��� ��
 E�*� �$ !� �S� �d(��	
:  

 cR  u( t ) S  y ( t ) T  u ( t )� � 
  

 �] �� �
R,�S,�T  ���� �! ���#�! ���� �	n,k � l <m ��	��=.  �!
 K$!<�)7(� <)8 (�Q��!:  

 1

0 1 1 1
c

AAR y ( t ) S  y ( t ) T  u ( t )
b ( BA b B A )

� � 




 

 �$ �	�]�4 ��=�f� ��= �
 ��
 |�4 �!*B � ��4 Q��5 � Q���% �!�$
�5*� ~t, �d(��	
:  

 1 1 1 1( )R R BA b B A� 
  

 K$!<� �! +�!�$�	$)9(� <)10 (Q��!�:  
 1 1 0 0 c( A A R b S ) y ( t ) b T  u ( t )
 �  

�$ YSL �$���� w*�S ��W �`*4 �S$!� �$ ��*B �$  P$�L ��� E�*�
@%! +��&B.  

 1 1 0 0 mAA  R b S A A
 �  

 �] �� �
0A  < �d��<� ��#'SLmA �	��= �H5 ��* w*�S ��#'SL.  
 ���5!�'� �W	�! �$ ��*B �$H ( s ) �  �	�]�4 ���% ��&4��T �*H	 �$

~�= ���� �,!�)  �	�]�4 ��<�� �
 @%! �] �	�]�4 P�
 �$���� �!

1( y ( t )) Q��!� �d�� E��'� �$ �	
 ��'5� !� w*�S U�� ��<��:  
 

1 1my ( t ) y ( t )�  

 �] �� �

1my ( t ) @%! w*�S U�� �� ��<�� . �S$!� �!)13 (

Q��!�:  

 10 0 2

0 0 2

m m m

m m

A A y ( t ) A A ( y ( t ) y ( t ))

A A y ( t ) A A y ( t )

� � �

�
 

 K$!<� �$ ��*B �$)12 ( <)13:(  

 
1

1

0
2

0

0
2

0

m c
m

m c
m

b T
y ( t ) u ( t ) y ( t )

A A
b T

y ( t ) y ( t ) u ( t )
A A

� � '


 �
 

�4�& �$  

 
1

0
2

0
m m c

m

b T
y ( t ) y ( t ) y ( t ) u ( t )

A A
� 
 �  

 ��<�� �
 @%! �] P�
 �$���� q�� �
 �*� � ��=��y ( t ) 
 ��<��my ( t ) �	
 ��'5� !� .�!� ��� -�4 �$ �S� I��&B �$Q�:  

0 0 0m m m m me( t )  y ( t ) - y ( t ) A A e A A y A A y� ' � �
 

   

 K$!<� �! ���f�%! �$)12 ( <)16:(  
 0 1 1 0 0m cA A e( t ) ( AA R b S ) y ( t ) b T  u� 
 �  

 �S$!� ���A��W$ �$)7 ( �S$!� ��)18:(  
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1 1 1
0 1 1 0

1

0 0

0

0

m

c

c
m

BA b B AA A e( t ) A R b u( t )
A

b S  y ( t ) b T  u ( t )
b

e( t ) ( Ru( t ) S  y ( t ) T  u ( t ))
A A



�


 �

' � 
 �

 

 P;4 �$�� �,!�) P,!� �!�!)5 (U�� �!]12[  ��� ��#(*�4 �$�S
@%! -��5! P$�L.  

 @%! +W� �*n0

0 m

b
A A

  �! �!*�5 +�!�$�	$ < ���'5 @'� �F�F, !��
!

� ���f�%! ��� ��S� �� �! z? ���
 ���f�%! I5*?��( �*5�L  Q�	
:  

 0f c
R S Te b  (  u  y -  u )
P P P

� 
  

 �] �� �
� 1 2 0 mP PP A A� � �   <2p ���� �	n  �$ < �!���? ���W� �!
� ���� �$�� ���R E�*� +�! �� @%!�

 2

1

1 R - PR  
P P P
� 
  

@%! o���5 P$�L ��� -�4 �$ �S� �� +�!�$�	$.  

 2
0

1

1
c

R P S Te b  ( u  u  y -  u )
P P P P

�
� 
 
  

@%! I��&B P$�L ��� -�4 �$ �d(��	
 ��G� ��=��!��? �!��$.  

 1 0 0
o ' ' T)k l m( r  ... r  s  ... s  t  ... t� �  

 �] �� �
'
i

r ���� �	n Y�!�9 �=  �!2R-P �	��= . �!��$@  P��

@%! I��&B P$�L ��� E�*� �$ ���4 ��	d�% < ��<�� ���<�<.  

 

1 1 1

1

k l
T

m

c c

( u... u    y ... y  
P( ) P( ) P( ) P( )

  - u ...- u )
P( ) P( )

  @
    

 
  

�

�
 

@%! o���5 P$�L ��� -�4 �$ �S� ��	d�% +�!�$�	$.  

 0
1

1 Te b  (  u )
P

@ �� 
 �  

Q��!� �	��= -*�& �d(��	
 ��=��!��? �
 ��5 @(�, ��:  

 1 1 1
T T Tu p ( ) p (( ) ) ( )( p )@ � � @ � @� � � � � �� � �  

 �W	�! |�4 �$�  V$��4 �*5�L ���$ �d(��	
 Q�H	B P$�L ��=��!��? �!��$
� @%�$ !� w*�S ��S� �� ��� �=�.  

 1
Tu p ( )@ �� �  

 ��*B �$ ���� �
 ��(�,�� �(��	
 �*5�L +�! �W	�! �$
1

p � V� �! ��A�"$

 @��5 �FGB P$�L ���$) ���� !���1
Tp ( )@ �  �=��!��? E�F�� P��

�*$ �=!*�(� ���f�%! ��� �FGB P$�L �(��	
 �*5�L �! � �*�.  

 1
Tu ( p )� @� �  

E�*� +�! ��  �S$!� �! ���f�%! �$)25 (Q��!�:  

 
0 1 0

1

1
1

1

1

T T

T T T T

e b  (  - ( P )) b  *
P

(   ( P )  )
P

@ � � @

@ � @ � � @ @ �

� �

� � 


�

�
 

!<� < � I��&B ��� E�*� �$ !� Q�	
.  

 1
1 1

1 1T T T( P )  ( u  )
P P

! � @ @ � @ �� � � � 
  

 0 0 ( )Te f b b< ! @ � �� 
 � ��  

 ��	d�%< � ����5 ��<"4! ��S�  �
 �*� �'%�G ��� E�*� �$
� ���A.  

 0m( y y ) b< !� � 
  

 PW� -�4 �$ ���	
 Q���% ��
 -!�A��� y*�$ �`*4 �,!�) �$ ��*B �$ 
)2( @%! o���5 P$�L.  

  

 
 PW�)2 (��� �m!�! �(��	
 c<� -!�A��� y*�$  

  

4- 7@�� ��=� S%��-]15[  
 �� ��� -��5! E�'%�G e�%!�$ ]10� [�) ����92(� B Q���% P��'B U$�

@%! ��� E�*� �$ ��� ��.  

 
2

2 22
dss s s

t
m m s s s

( J s b )
H (s) e

( J s b )(s s )


A  
�


� &

 
 


 

 K$!<� �$ ��*B �$)1 ( �B)5 ( �'%�G P$�L ��� -�f$ ��!<�*4��4 ���5!�'�
@%!:  

 1ds
m(S ) e�� � �  

 0a(S )� �  

 1ds
m( s ) (S ) e�� �� � �  

 0G ( s ) G ( s )�  
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 ��!�5! Q%� �$(S )�  P��'B U$�B �!*B �W (S )  �!*	� �$ ���� -�4 �$ !�
 ��!�5! �/�$ �,(S )� ��<] @%�$.  

 3
0 4
sW ( s )

s .
�



 

 PW� ��)3 ( ��!�5!(S )�  <W ( S ) @%! ��� Q%�.  

�
 PW�)3 (  

:a�� | ( S ) |�   � b : 3
04
s|W( s) | | |

s .
�



  c :

20 3|W( s) | log( )� �

 �'%�G ��W ( S )  �!�F1 2d T T� 
  �$!�$ !�7  ���
 w�J�5! ��5�:
�!�$ �A�"$ �!�F �
 Q�! @%! �<� �!� �! @
�, Q���% V� ����B. 

 �!�$W ( S )  ���� �! ��d�� �!�F3W(S ) �  @%! w�J�5! P$�L "�5
�5!��
 �H4�G ��'L �!�F �$ @'�5 ��
 �
1 ���$ �.  

 �'%�G �!�$ �*	
!H(S )  U$�B ���
 PL!�, �!1|| ( S ) ||
*

� >� 
Q�	
 � ���f�%!.  

 
2

2

3 3
170 2 14 1

3
170 2 14 1

s *
( s )( s . s )(S )

s H( s )
( s )( s . s )




 
 


� �






 
 


�  

 P��'B U$�BH(S )  ���% �*H	 �$ < Q�	
 � w�J�5! �	�]�4 �! ��&��% !�
 E�'%�G ���%H( S ) @%! ��� w�J�5! ��� -�4 �$ V� ���� �!:  

 0

10
b

H ( s )
( s )

�



 

 �W	�! �$ ��*B �$|| (S ) ||
*

��  Q��"
� ��#$ �!�F(S )��  � o���5 !�
�!� -��5! "�5 ����GB E�*� �$ !� E�'%�G �!*B � ��=� . D���5

 �!�F E�'%�G0 30b � �!�  �=!*� @%�$ !�.  
 Q�=� ���5 �W	�! �!�$H(S )  q�� ��� �,!�)ASPR  � �!�L�$ !�
 ��xL �$ \*�� �$ ���%)3 ( �
 �*� � ��=��H(S )  q�� �$�J�5!)1 (

�����������������������������������������������������������������
�

1 Conservative 

���% � �!�L�$ !� ��xL +�!. q�� +�	R�=)3 ( Q%� �$ Q= ��xL +�!

|| (S ) ||
*

�� �$�S  PW�)b<4(@%! �!�L�$ .�$ q�� �%��$ �!)2 (
 ��xL)3 ( ��xL   �!)4 (      �S$!� < ��� ��4�A V�
)2-6( �
 ��L< �

 P��'B U$�B0G (S ) H(S )
  PW� �� �@%!)a<4(@%! ��� Q%� .
 < @%! ��'� �!�F �#�5�
�4  ���B �!�$ �!�F +�! �
 �*� � ��=��

 q�� +�!�$�	$)2 ( ��xL)3 (@%! �!�L�$ Q=.  

�
 PW�)4(  

a :  q�� ��!�L�$)2-6 (�%��$ �!�$ASPR�  ��*$0G (S ) H(S )
     b :

|| (S ) ||
*

��
�

  
 ���5!�'� +�!�$�	$H( S )  �!�$ !� �<� �!� �! @
�, Q���% ���� w�J�5!

 �B ��5�
 @�A�$ < @4� �5�� ����B7  ���5�:ASPR ! �$ < ��xL e�%)2 (
���% � ��&4 ��T.�

 w�J�5! �$H( S ) ���� �! Q���% P
 P��'B U$�B �4  e�%!�$ < @%!
�<�$ Y%�	 K�!��2 � �d(��	
) �S$!�41  <42  (���A��% q�� <3 

) �S$!�43  �B46 (��#�! ���� �	n ���� � T�,S�,R  @%�$ ��� E�*� �$
�] �=!*�.  

 deg R 3 ,   deg S 3,   deg T 0� � �  
�<�$ Y%�	 q��:  

 deg S  deg R/  

 deg T  deg R/  

���A��% q��:  
 moddeg  A  deg  A ,�  

 moddeg  B  deg  B ,�  

 0 1deg  A   deg  A - deg  B  - ,�  
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 Q���% ��$ �F�, U$�B �d�� ��
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��] �*�< �$ �] �� �5�� ����B ��!��? �*�< P�(� �$ �
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Abstract: In this paper, a new method is proposed for controlling the processes including Time-
Delay (TD). The method is based on the concept of dominant gain and its effect on the dynamics of 
irrational structured transfer function models. In this method, a minimum phase transfer function, 
which is almost required to be a first order one, is used for establishing the dominant gain 
requirement in control loop. This function is used as a secondary inner loop feedback from the 
controller output signal to the input such that establishment of the dominant gain constraint in the 
characteristic equation becomes possible. In this way, the RHP zeros of the open loop transfer 
function will be removed perfectly and the input signal to the controller will become free of the 
effect of such zeros. Among the important capabilities of this method is its much minor sensitivity to 
the model error and also its straight applicability for controlling QRDS processes. 
Keywords:�Dead�Time�Compensator, Dominant Vector, Time- delayed Behavior-gain, Robustness�
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@%!]3[ .     �C�H5 �B.WC� ��Cn� �< c<� �C
 �� [J� �=�&$ �	n �=
  ��CC ��CCS� �CC$ @'CC�5 ��CC�� @�CC%��,]7-4[  �� @CC�4! ���CCW5 UCC4� <

   �C��$ �C �d�f�] �<�$ -�d	= �$ �(!�d�5! ��=�	�]�4]18-8[ .   UC4� �!�C$
 ��#(�C% �B @��%! c<� �� �*�* ��#���%��5 < E.W�    ��CFFG �C��!

     IC��J ��#C�<� �C4�& �] �C���5 �
 �5! ���
 ��
 �] �<� �$ �����$
DTCs  @%! ��*$]18-8<6<5[ .     ����CB ��!��C? ~tC, e�C%! �$ �#5] ��=

�	��$ � ���	
 Q���% ��$ �F�, U$�B �!  �5�� .     �C��
 YC�� +��C�A�"$ �C!
  �CC$ �CC	�' ��#CC�<�DTCs    CC�	
 �!�CC$ �#CC�<� +CC�! +�CC�!�5 ��$��CC
 ��

    �*�
�C4 PC$�L �C#5] �	�]�4 U$�B �! �5�� ����B ��!��? �
 @%! ���=�	�]�4
      �C
 E��C'� <� �C$ �!*CB �C�5 !� �	�]�4 �	&� ����$ ��5 V�WfB < ���A

 ��C
 Q��FB ���$ �5�� ����B �<�$ ��d�� < �5�� ����B �!�!� �W� . ��
   ���CF�5! UC$!*B +�! �$ u.S�!Irrational    �#��C��% +C�! �C$ < “Quasi�

Rational� Distributed� System� (QRDS)” �CC	�*A �CC . ��CC�4�
     @C%! �C�4�A �!�CL �C%��$ ��* �f��J U�!� �� �#����% +�! �W��	��

]24-20[ . ��]21<20[     ��=�fC� �'C%�G < �C#5] �W��	�� ���4� �%��$ �$
      �Cm!�! �C#5] ��C�	
 �!�C$ �C�<� ����	
 Q���% ��$ �F�, U$�B @%!� @�%

! ���@% .    +C�! �� �CW	�! �C$ ��*B < @��%! c<� �! -�#(! �$ c<� +�! ��
 ��	d�% < ���	
 Q���% ��$ �F�, U$�B �! �5�� ����B ��!��? ~t, �$ c<�
 +�$ o�? �5! ��� ~t, @%!� @�% ��=�f� P�! �� �(��	
 �$ ��<�<
         ��C$ �CF�, U$�CB @C%!� @�C% ��=�fC� �C
 @C%! ��� �,!�) �! ��		


 ���	
 Q���%     �C$ �=�fC� +C�! �<�C, ��	d�% ��%�! U5� < ���
 ~t, !�
�*� � �(��	
 . ��#$ �!*B � �*� �!���?�5 Q���% �W	�! �<�$ Y�B�B +��$

     zC? �CF�, VC� �C$ @'�5 !� �] 0%�? < ��
 w�J�5! �(��	
 �!�$ ��B/�$
���J$ �*'#$ �(*�& �*� . ���? �$ �
 �#$�� ��#�<� "�5 ���! ��#(�% ��

f� ~t,       ��5�!*�C%! ��C�	
 Q�C��% ��C$ �CF�, U$�CB �! @%!� @�% ��=�
     @C%! ��C� �Cm!�! �#��C��% +�! 0%�? �*'#$ �!�$]27-25[  .   +��C�A�"$ �C!

 @%!� @�% ��=�f� ��%] < ��L� �'%�G �
 @%! +�! �#�<� +�! Y��
      �C�FGB \*C9* �C��! ��#(�C% �CB ��, \*9* +�! < ���$ ��5 ��ti5�W!

 @%! ��*$ ��FFG]29<28[ .  �Cm!�! ��#�, �!� ���B @fA ���$ @F�F, ��
 �m!�! �#�5�
�4 �! ���� ��<�G �� �#	B !� �=�f� +�! < @%! ���� ���

�=�� .   ��#��C��% �W��C	�� ���4� @��	� e�%! �$ �(�F +�! ��QRDS 
      �!�C$ +�*C5 �C�<� ��C�  NCG$ �] �$ U�!� P;f �*S$ �<! �(�F �� �


� ��=�	�]�4 ���	
    @C%! ��C� �Cm!�! �5�C� ����B �!�! .   �� �C
 �*S5�C�=
   ��#��CC��% ��CC�4� �CC� �CC
l �CC(�F �<! oCCJ$QRDS  0CC%�? ��*CC, ��

   �C�A�"$ ��!�C5! �$ �!��$ ��:�B @GB ��5�
�4 ���$ �= �� < ��!*�= ��5�
�4
    ��!� �!�CL �*C� �C ��C��5 �B�$ �!��$ ��	�! �� �,.S�! �
 .  �� +�C	R�=

5 �(�F +�! �<! @��L   ��#(�C �W��C	�� ���4� �	�$ o�? �
 �� ��!� ���
QRDS         �C$ �$�CSB �� �CB�$ �!��C$ -*C#f �! ���f�C%! �C$ ��5�
�4 ��*, ��

���$ � �=�f�  �'5�� ��W ��*vB .  
  VC� ���� ��F�5! U$�B ���
 �4�9! �$ �(�F +�! �� ��� \!�$! c<� ��

 ��!�5! �$(Gain)        �CF�, U$�CB ��!�C5! �C$ @'C�5 �CB�$  ��C$(Open�Loop�

Gain)  !� �5�� ����B �!�!� ���� ��:�B ��5�� ����B �!�!� ���	
 Q���%
 �� UL!< ��=�f� +�!�$�	$ <  ��!� o=�
 ��$ �F�, ��F�5! U$�B ��4 �!�*�5 ��

 Q�C	W� ~t, !� ���	
 Q���% ��$ �F�, U$�B @%!� @�% .   �YC�B�B +��C$
    C��%  ��C$ �CF�, P��C'B U$�B ��5�
�4 ���4�   ��C�4� @�&C9< �! !� ��C�	
 Q� 

�!� �5�� ����B  �<�$ @�&9< �$�5�� ����B Q�=� � ����B .  @C�"

  �] �/�C$ @<�F < ���f�%! �A��% �� c<� +�! Q#(Robustness) 
���$ � �� ��S� P$�F �� .    �C
 @C%! +C�! c<� +�! �d�� Q# @�"

  �C% �C$ ��= �	�]�4 ���	
 �!�$ ���F�� !�5] �!*��  �(�C ����QRDS   "C�5
��CC$ ��CCW$ .  < �����CC% ��*CC �� �CC(�F  -��CC#n < -*CC% �-<� ��#CC�J$ ��

     �C� �C=!*� NCG$ �CH5 ��*C ���	
 Q���% E�;J� .   Q�	C?  oCJ$ ��
 < �*� � �m!�! I��J ��=�	�]�4 �!�$ Q���% ��� ���% ��'� ��#J%�?

�� �=!*� �m!�! �(�F �! ��
 ���A ����5 "�5 Q�� oJ$ �� .  

�

2- 7���0N�O /��0� ����� 	��6��  
 �!�$ �	�]�4 �� �$ �%��%� �5�� ����B �!�!� ��=�	�]�4 ���	
 ��

@%! �!��*��$ �! �>�< @��=! �! �#(�	d�% ���
 �	�$ o�? .  �C
 �*S5��=
        DC�!� ��#C�<� �! �CW� @��C%! ��C		
 +�C$ o�C? c<� �� �
l Q= .'L

��$ � �5�� ����B �!�!� ��#����% ���	
 �� �	�$ o�? e�%! �$ �
 �
@%! ��� \!�$! �	�]�4 . PW� �� c<� +�! �� ���	
 �����%1   ��!� ��C�5

@%! ��� .  

  
 PW�1.  @��%! ��		
 +�$ o�? ���	
 �F�,  

  

 �C	
 � ���f�%! ��		
 +�$ o�? V� �! @��%! �c<� +�! �� .   o�C? +C�!
  C���B ��*C)  !� ��		
 ���	
 �$ ��<�< ��	d�% ��		
 +�$    �C
 �C=� �C �

        �C$ YC�B�B +��C$ �C
 �<�C$ +�C$ �! PC�
 �*S$ �] �� �5�� ����B ��!��?
      !� �C=��!��? �! ��B/�C$ ����CF �!*CB �C �(��	
 �$ ��<�< ��	d�% e�%!
      �C=!*� �C�<�� 0C%�? ��C� �C�#$ N��$ +�! < �*�5 w�J�5! �(��	
 �!�$
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�� .� K$!<� �! �!*B � /�$ ��#B��'� ��#$ ���$ �!�$ �*C�5 ���f�%! �� .  �CA!
     < @CCC%! �fCCC� �<�CCC� Q�CCC��% �CCC$ ��<�< c�CCC��T! Q�CCC	
 |�CCC4

dst
p eGG �� 0  <1)( �sGm   �CC���F �CC$ ��<�< ��	d�CC% <

 �$ !� �*� � ��		
 ���	
 ��!< ����#5 �
 ��		
Y ,, Q��!� �Q�=� o���5:  
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 �*S5��= �
  ��)1 (�*� � ����  ��<�< ��	d�% �! �5�� ����B ��!��?
�*� � ~t, �*� � ��		
 ���	
 ��!< ����#5 �
 ��		
 ����F �$ . ����#5

 �S$!� E�*� �$ @��%! c<� �$ q*$� �;J� �(��&)2 (�*� �.  

0)()()()(1 0 �
 sGsGsGsG mfc )2        (                        
@%! ��� ~t, �;J� �(��& �! �5������B ��!��? /�$ �S$!� �� . ��

 �! �5�� ����B ��!��? ~t, �$ @��%! c<� �� �
 @fA ���$ @F�F,
 Y(�T �5������B �$ ��#����% ��* �� !� Q���% 0%�? ��;J� �(��&

)�% ��$ �F�, U$�B �
 ���#����% @%!� @�% ��= �f� �#5] ���	
 Q��
�5�!� (Q�=� � �*'#$ . ~t, e�%! �$ "�5 �(�F +�! �� ��� �m!�! c<�

 -*#f �! ���f�%! �$ ����	
 Q���% ��$ �F�, U$�B @%!� @�% ��=�f�
���$ � ��� ��!� ��9*B �(�F �<! oJ$ �� �
 �B�$ �!��$ . PW� ��2 

�%�B ���#	��? ���	
 Q���% �����%@%! ��� Q .  
  

  
 PW�2 .���#	��? -!�A��� y*�$  

  
 K$!<� E�*� �$ Q���% +�! ���$ �F�, ��F�5! U$!*B)3 ( <)4 (�	��$ �.  
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 �(��& �! ���f�%! �$ �!*B �)3 ( �! ��? ����B V� �$ 0%�? ���#5 �!�F
F �� �,!<  ��C
 �C	�$ o�? !� ��F �!� .     VC� ��C		
 ��C�	
 �CA!  ��C�	


 ��		
PI �$ �$!�$  �!�F +�! ���$ mK1     �C�	�! �� �C
 ��*C� �mK 

���$ � ��A ��!�5! ���(! ��#$ . �(��& �!4        �C$ @C�4! �!�CF �!*CB �C "C�5
�
 ��<] @%� �$ !� �d�f�] ����! -�d	=   �C��$ �C �f� �$!�$ �!�F +�!. 

 `*4 K$!<� �!���$ � ��� E�*;$ �;J� �(��&:  

0)()()()()(1 �

 sGsGsGsGsG mpfcmb )5   (  
 U$�BGmb  �S$!� ��)5 ( �B�$ ��!�5! �$ ��F�5! U$�B(Dominant�Gain) 

 � ���% ���	
 Q���% ��$ �F�, ��F�5! U$�B �
 �(��& -*% -�B �$ @'�5
 ��4�A �H5 �� ����$�*� � . �;J� �(��& �$ �] ��<"4! �$ � ��	�! ��

 !� ���	
 Q���% ��$ �F�, ���4� ����$ ��B�$ ��#$ �!�!� �
 �S�!�� ��
 �] V�W$ !� ��$ �F�, �� �*�* @%!� @�% ��=�f� < ���
 �] U$�B

Q����5 � UfB� . ���$ !� @��%! ��		
 +�$ o�? oF5 P�! �� U$�B +�!
��	�! �� < �	
 �  ��		
 +�$ o�? -�5 �$Model�Bypass�Phase�

Limiter�(MBPL)  @%! ��� ��!td�5 . ��	=� e�W&5! ��!td�5 +�!
 ����B E!�:! ��� �<� �$ ���L `*4 ��		
 +�$ o�? �
 @%! @F�F, +�!
 @%! ���L ��!�5! ��B�$ �S%!*$ < ��*$ Q���% ��$ �F�, P��'B U$�B �� �5��

�
��$ �F�, ��4 �!�*�5����5 �<�G !� ���	
 Q���% � . � �
 �*S5��=
 ��!*�= V� ���� ��$ �F�, ��F�5! U$�B V� �$ ���% ���	
 �F�, V� Q�5!�

@%! �!���? .  �!�$ V� ���� U$�B V� w�J�5! �%� � �H	$ !t(Gmb  �$
 K�!�� �5!*B � �;J� �(��& �� �*�* �d�� -�B �$ @'�5 �B�$ ��!�5!

�? �!�$ !� �$*���<] �*�< �$ ��!�� . �� ��� u�S ��#(�� �� +�!�$�	$
 ��(�F +�!Gmb @%! ��� w�J�5! V� ���� U$�B V� .  

  
3-  	� �500� /��0� � 7��	� /�0<�� ��	�

U#��� 7����	  
 c<� P�� �c<� �% �� ��		
 ���	
 �$ ��<�< ��#(�	d�% ��	�! ��

*�& �*� z? �F�, V� < @��%! c<� � ���#	��? �!�L �%��$ ��* �(
�5��A � . E/��&)6 ( �B)8 ( �$ ��<�< ��#(�	d�% �$ q*$� Y�B�B �$

�	��$ � �(*�& �*� z? �F�, < @��%! ����#	��? c<� �� �(��	
.  
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@%! ��� ����d5 ���$ !�� E�*� . �$ �!*B � /�$ E/��& �%��$ �!
 +�! �� ���	
 Q���% 0%�? ��* �� �'(�� E�W5 @%� I��J c<� �%

@4�� . _�J �� ��� ����B ��!��? �*�< P�(� �$)8( +�! @%! +W� �
  E��'�@�% �!� �5�� ����B ��=�f� P��  Y�B�B +��$ < ��� @%!�

 ���	
 Q���% 0%�? < ��4�A ��4 Q��	� ��5 @(�, �(��	
 �$ ��<�< ��	d�%
�*� I�&9 .d�% _�J �] �� �
 @��%! c<� +�!�$�	$ �$ ��<�< ��	

 ��#$ �(*�& �*� z? �F�, V� �! @%! @%!� @�% �f� �L�4 �(��	

�	
 � P��.  U$�B ��!�5! �W	�! P�(� �$ "�5 ���#	��? c<� ��Gmb  ��*)

 �<�$ Q���% ���4� �
 �*� � w�J�5!�5�� ����B  �*�< !t( ��*�

@%! �f�	 ���	
 Q���% ��$ �F�, U$�B �� @%!� @�% ��=�f� .$ +�!�$�	
�*$ �=!*� @%!� @�% �f� �L�4 �(��	
 �$ ��<�< ��	d�% . ����F �!�$

 PW� �� ��	d�% �% +�!3 @%! ��� ���<] ���� ��� V� . +�! ��

�	�]�4 �� PW�� )15.0/()exp(4)( 
�� sssGp  o�? <

 ��		
 +�$)1/(2)( 
� ssGmb �	��'�.�
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 PW�3 .#(�	d�% @��W��5 �!�*�5 ����F���	
 �F�, V� ���#�(�, �� �(��	
 �$ ��<�< �� 

 ���#	��? c<� < ��!�5 �*�< ���S� �� �� �W��(�, �� @��%! ��		
 +�$ o�? ��(*�&�

  
 �� �(��	
 �$ ��<�< ��	d�% �*� � ���� PW� +�! �� �
 �*S5��=

 �SF5 �] @��W��5 �!�*�5 �
 @%! �(�	d�% �(*�& @(�,1-  ��� �<� !�
�! @%!  Q���% < @��5 �5*A +�! ���#	��? c<� < @��%! c<� ��

��
 �=!*J5 !��? ��!���? ��G( �! ��W� c<� <� +�! �� ���	
 .  

  
4-  ^�	 +�' �����(Robustness)�

 �!�L �%��$ ��* �� ��S� �$ @'�5 c<� ��*$ -<�F oJ$ +�! ��
�� �=!*� ����F /�$  �� ��� u�S c<� <� �$ < ���A �.  ��

 ��:�B �5!*B � �� �� �S� �*�< �5�� ����B �!�!� ���	
 ��#����%

 ��!���?�5 N��$ ���!* �� ��, �
 ���$ ���!� Q���% 0%�? �� ��!"�$
�*� � ���	
 �F�, . �;J� �(��& �� �S� +�! �� �� �S� E�*� ��

�*� �] �� @%!� @�% � �=�f� ����! N��$ @%! +W� <  ��� �=�� .
S� �!� ���5 ��� �(��& �$ �!*�� !� �� �� �]30[.�  

)()()( sPsPsP n �
� )9              (                                      

 �(��& ��)9 ()(sP  < �	�]�4 ��F�5! U$�B)(sP�  U$�B ~.��!
 < �&L!< ��F�5! �	��$ � �	�]�4 ��%! .)(sP� -<�F \�&� �!*	� �$ !�

 ��*$(Robustness)  @<�F �!"� �%��$ �!�$ ����& < �	%�	� �
 ���$ � �� ��S� P$�F �� c<�[30] . ��!td��� �$)(sP  ��

z? �F�, +�	R�= < @��%! c<� ����#	��? c<� �;J� �(��&  �*�
  E/��& �$ �!*B � Y�B�B �$  �(*�&)10 ( <)11 ( <)12 (@4�� @%� .  
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/��& ����F �$ E)10 ( <)11 ( <)12 ( �� �
 ��%� ����5 +�! �$ �!*B �
 c<� �$ @'�5 ���#	��? c<� �� ��*$ -<�F \�&� ��<�� K�!��

@%! ��A�"$ �(*�& �*� z? < @��%! . �$ ���#	��? c<� +�	R�=
 �!�$ ��A�"$ ��#$ ����FGmb(s) !�!� !� ��*$ -<�F �! ���A�"$ \�&� �

�*$ �=!*� .�! �! ���tA � ����#	��? c<� �!�$ ��*$ -<�F \�&� +
@%! c<� +�! �/�$ ���t? ~�S&5! ��	=� ���5 �
 ���$ ����� �5!*B .  

  
5- 7@�� ��=�  

 ��=�	�]�4 �! ���= �5*�5 ���#	��? c<� �! ���f�%! �$ oJ$ +�! ��
 c<� �!*� �#���% ��'� +�! Y(�L �� < ��� ���% ��'� I��J

 �%��$ ��* ���#	��?���A � �!�L . ��'� �� �� ��fA .'L �
 �*S5��=
  ��#$ w�J�5!��
 +�(<! �#���%Gmb� (s) ���$ � . @���$ � ��#$ +�!

���$ ���	
 Q���% ��$ �F�, �� �d�� E.�� �! ��A�"$ . �
 �*S5��= ��'(!
 �� �5!*B � V� ���� U$�B V� �5�� @$�: Q= < ��#$ �!�F Q= Q�5!��

  �] ��!�5! U$�B �5�� @$�: ���
 �A��% �!�$ �! ���$ �:*Gmb� (s) 
 �!�F1 �*� � ��4�A �H5 �� . ��!�5! �� ���#$ �!�F �#	B  Y�B�B +��$

�*$ �=!*� �:* U$�B . !� ��		
 ���	
 ��=��!��? �*	= � �W	�! �$ ��*B �$
�(��& �$�S !��$! �Q��!�5� )13 ( ��#$ �!�FGmb� (s) �!*	� �$ !�  o�?
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 0%�? �$ �W��*) !� �(��	
 ��=��!��? zi% < ���<] @%� �$ ��(<! |�4
 ��!�5! < ���%� w*�SGmb�(s)  Q���% ��$ �F�, �d�� E.�� �$ @'�5

Q��<] � @%� �$  ����$ �B�$ ���	
 .  

D)()( sGsG pmb � ��� )13            (                          �

 �
 @%! �
l �$ -�/Gp(s)  -*�& �
 @%! ���	
 Q���% �! �&$!*B ���5
 Q���% �� �A! �
 @%! �#��$ �	��$ �Gf(s)   ��Gm(s)   �*�* "�5

  w�x���, ���$ �	��$ )()()( sGsGsG mfP ��� �$ !�Gp(s) 
@4�A �H5 �� . !��? �!�$ �(�F +�! �� �
 @%! �=!*J(� c<� �c<� +�!

%! �(��	
 ��=��!��? ���
 `�) �$ �
 @fA ���$ ��'(! ��*� � ���f�
��
 !��? !� �(��	
 ��=��!��? �!*B � "�5 �d�� . U$�B ��*$ �B�$ Q#Gmb�

(s) ���$ � ��$ �F�, U$�B �d�� E.�� �$ @'�5  . K$!<� �! �
 �*S5��=
)3 ( <)4  ( \*�� @%! [J�Gmb�(s)   <Gp(s)  ��$ �F�, P�! ��

 PW� �� �*�* Q���%2  < �#���% ��'� �!�$ �(�F +�! �� !t( ���$ �
 ��#$ ���
 !��?Gmb�(s)  PW� ��$ �F�, �	!� @'�5 < ��4 ��=�!�*�5 �!2 
Q�	
 � ���f�%! .  

5 -1-  ��=��!��? ����B �$ @'�5 c<� ��*$ -<�F @����
 ��  
  U$�B ��#$ �!�F c<� +�! �� �
 �] �$ ��*B �$Gmb�(s)  �$ ���$ !�

 e�%!  Q���% ��$ �F�, ��4 < �	!� @'�5 ��#�	G	 < �	�]�4 ��F�5! U$�B ��#$
 Q���% 0%�? �
 ��
 +��&B ��*) �!*B � !� �!�F +�! �!t(  ��*�5 +��&B
 U$�B ��� �!*	� �$ ���$ -<�F �	�]�4 ��=��!��? �� E!����B �$ @'�5

Gp(s)=5exp(�3s)/(s+1) �H5 �� !� Q���A � . U$�B ��#$Gmb� (s) 
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 ���$ ���% ��#$ �!*	� �$ "�5Gmb ���A w�J�5! . -<�F ��G(  �! ���,�#$

 < ��#$ 0%�? �*� w�J�5! �B/�$ ��#$ �n�= �� ��S� �$ @'�5 ��*$
�*$ �=!*� �B -<�F . ���	
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PW� 5 . �!�$ ��4 �!�*�5U$�B ��#$ I��J ����F(s)� Gmb �

  
 ��#$ �!�F �n �= @%! [J� /�$ PW� �! �
 �*S5��=Gmb�(s)  /�$

 �!�F �! �] ��4 ����, < ��� ���
 ��4 �	G	 E�5�%*5 E�� �<� �B
 �5!�G$180- �*� � ����$ ���� . �! �!�$ �� �
l "�5 .'L �
 �*S5��=

 � �@%!� @�% ��=�f� P�
 ���$ +�$ ��#$ Q�	
 � �&%Gmb�(s)  !�
 �$ V��"5 �] ��4 �!�F PL!�, �
 Q�	
 +��&B ��*)90- ���$ ���� . ��

 ��#$ �W��d	= ��4 PL!�, ��� +�!6  @%!146-  ��#$ �!�$ <7  �!�F
135-  ��#$ <8  �!�F127-  ��#$ �!�F +�!�$�	$ @%!8  � w�J�5! !�
Q�	
 .  

�9�, ��, �� �W	�! �$ ��*B �$  �5*dR�= ���#	��? ���	
 c<� �!�$
 �(�F +�! �� ��!�5 �*�< �(��	
 ���
 �*�B < Q�H	B @#� ���� c<�
 ��� ���f�%! �(��	
 ��=��!��? ���
 �*�B �!�$ �S� �!�d�5! c<� �!

@%!  . ���& �! ���f�%! �$ITSE   �!"$! �'&� K%*B ���% ��'� <
Simulink  ��Matlab�7 !  ���% ��'� +�!@%! ��� -��5 . �!�*�5
Simulink  PW� �� �)*$�6 @%! ��� ��!� o���5.�
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 PW�6 .  �� ���% ��'� -!�A��� y*�$�$  V	�(*��% �!"4! -�5 �! ���f�%!  

  
 �� PW�6  ���	
 ��=��!��?��		
  ���& �! ���f�%! �$ITSE  � �	�#$
�*� .��?! ��*) �(��	
 �	�5*�B ��=��!��? c<� +�! �� �
 �5! ��� Q�

 ����� ��<��2 �%�$ �*� �!�F PL!�, �$ . �<�� ��1  �$ ��=��!��?
 �� �(��	
 �!�$ ��] @%�Kmb @%! ��� ����d5 E<�f� ��= .  

  
 �<��1 . �� �(��	
 �!�$ ��] @%� �$ ��=��!��?Kmb E<�f� ��=  

�(��	
 �(!�d�5! ��!��?  �(��	
 �'%�	B ��!��?  Kmb�
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@%! ��� ��!� ���5 ���	
 Q���% . �	!� @'�5 �!�*�5 �� �
 �*S5��=

�5�
�4 �� �*� � ������!�5! Vn*
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 +�$ ����#5 ��4 �	G	 �*n �! @%! ��Wn*
180-  <90-   �*� � �<�G
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 PW�7 . ��� u�S � ��  ��4 < �	!� @'�5 �!�*�5�

  
 PW� ��8 ��f�%! �$ c<� +�! 0%�? ��� Q�%�B E<�f� ��= ��#$ �! �

@%! ���W� �'��FB �#J%�? �*� � ��=�� �
 �*S5��= @%!.  PW� ��9 
 ��#$ �$ Q���% 0%�?8 @%! ��� Q�%�B �!�*�5 V� �� @��%! c<� �$ .

c<� �! ���f�%! �$ ��	�! �� @��%! �(��	
Majhi,� Atherton 
[15,18] B ���$ � @��%! ��4�� �*'#$ c<� V� �
 < @%! ��� �*�

 �'%�	B ��!��?0.2  �(!�d�5! <1  @%! ��� w�J�5!.  
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 Q���% �� ��#$ �� �A!20 + ��� �$ �	&� ���$ ���!� �*�< �S� ����
 ���5  ��#$ +�!6  �5�� ����B ��!��? �� < ���$33 + �*�< �S� ����
���!�  ���$ �	&� ���$3  ���4  �*) �$ @��%! c<� E�*� +�! �� ���$

�� �=!*� �!���?�5 P�
 . PW� �� Y�S +�!10  ��!� ���5 u*9< �$
 @�tA �! z? < ���5 �!���? �5 ���#	��? c<� �W�(�, �� @%! ���

�%� � ��F �!�F �$ �5/*) �!�	n �5 �5�� . c<� �� Q���% 0%�?
�% �!�$ ���#	��?  PW� �� �*
t Q��11 @%! ��� ��!� ���5.  
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 �Q���% ��$ �F�, U$�B @%!�

�	��$ � "�5 ��L� ��T < PW� �	���5 . �$ ���L ���#	��? c<� �W�(�, ��
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Abstract: This paper presents a new steady state Kaman filter for tracking high maneuvering 
targets. The E (�  and E ( -� �  filters are the steady-state Kaman filters for tracking constant 
speed and constant acceleration targets, respectively. However, these filters cannot predict high 
maneuvering targets with good accuracy. The proposed filter is called E ( - !� � �  filter. In 
this filter !  is the gain of jerk for tracking of high maneuvering targets. Simulation results show 
good performance of the proposed filter as compared to E ( -� �  filter to track the jerky 
movements. 
Keywords: Target Tracking, Steady-State Estimation Filters, E (�  Filter, E ( -� �  Filter. 
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Nomenclatures: 
:x     state vector ( 1n � ) 
:F     transformation matrix ( n n� ) 
:u     process noise 
:v     measurement noise 
:x     position state 
:x�     velocity state 
:x��     acceleration state 
:x���     jerk state 
:T     sampling time 
:h     observablility matrix  ( 3 n� ) 
:a      correlation parameter 

:jQ   variance of process noise  

:Q     covariance matrix of process noise ( n n� ) 
:N     variance of target jerk 

2 :j�    variance of target jerk 

:R      variance of measurement noise 
2 :v�    variance of measurement noise 
:P      state covariance matrix ( n n� ) 
:ijP    elements of P  

:S       updated state covariance matrix ( n n� )  
:w      gain of filter 
:ig    elements of  w  

:E      position gain 
:(     velocity gain 
:-      acceleration gain 
:!      jerk gain 
:�      tracking index 

1- Introduction 
The key point to successful target tracking is to 

extract useful information about the target state from 
the observed data. In order to achieve this goal, one 
needs a useful target model. The simplest model for 
a target, the so-called white-noisy acceleration model 
is used when the maneuver is small or random [1], 
[2]. The other simple model is the Wiener-process 
acceleration model that is referred to as the constant-
acceleration model [1], [2]. On the other hand, the 
Singer acceleration model is a standard model for 
targets with maneuvers [3]. This model assumes that 
the target acceleration is a zero-mean stationary first-
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order Markov process. For high maneuvering targets, 
a jerky model is proposed by Mehrotra and 
Mahapatra [4]. In this method, the jerk is modeled as 
a zero-mean first-order Markov process, in the same 
way as the Singer acceleration model.  

One of the widely used approaches for state 
estimation is the Kalman filter [5], [6]. However, 
Kalman filter imposes large amount of computations. 
In order to reduce computational burdens, constant-
gains Kalman filters are used. The E (�  and the 
E ( -� �  filters are the steady-state Kaman filters 
for target tracking with constant speeds and constant 
accelerations, respectively [7]-[10]. For high 
maneuvering targets (i.e. targets with changing 
accelerations), the performance of these steady-state 
filters deteriorates. To improve this shortcoming, an 
extension of these filters is proposed in this paper. 
This filter is called the E ( - !� � �  filter, in which 
!  is the gain for jerk. Simulation results show good 
performance of the proposed filter as compared to 
the E ( -� �  filter for tracking jerky movements. 

This paper is organized as follows. Section 2 
defines the jerk model. Section 3 presents gain 
computations for the proposed filter. Section 4 gives 
the simulation results. Finally, Section 5 concludes 
the paper. 

 
2- Jerk Model for Target Motion 

There are many types of target motion, especially 
those involving the modern generation of highly 
maneuvering aerospace vehicles that call for better 
tracking performance than what is provided by 
acceleration models. The reason for the inadequate 
tracking performance of current models is that the 
higher order derivatives in the case of very highly 
maneuvering targets are not insignificant, leading to 
model inaccuracies when terms only up to the second 
or third orders derivatives are considered. 

The state model for the target motion is defined 
by the following vector-matrix equations [4]: 

( 1) ( ) ( ) ( ),k k k k
 � 
x F x u  (1) 

( 1) ( 1) ( 1) ( 1),y k k k v k
 � 
 
 
 
h x                  (2) 

where 
[ ]Tx x x x y y y y z z z z�x � �� ��� � �� ��� � �� ��� is the 

state vector, y is the output, u and v are white noises 
denoting  the process and the measurement noises, 
respectively, all with appropriate dimensions. 
Moreover, the transition, observation, and covariance 
matrices are 
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(5) 
where 7

11 252q T� , 6
12 72q T� , 5

13 30q T� , 
4

14 24q T� , 3
15 6q T� , 2

16 2q T� , 17q T� . 
Moreover, T  is the sampling time interval and 

22j jQ a��  is the variance of the process noise in the 

jerk model, in which a  is the correlation parameter 

and 2
j�  is the variance of the target jerk. . Matrix h 

in (4) shows that only the position sensor is used for 
target tracking.  

In the next section, for the ease of presentation, 
only the state variables along the x axis (i.e. , , ,x x x� ��

and x��� ) will be considered. For other axes (i.e. y and 
z) the same equations apply. This fact can also be 
observed from matrices F and Q in (3) and (5), 
respectively. 
 

3- The  Filter  
The following equations hold for the Kalman filter in 
steady-state conditions [9]: 

( | ) ( 1 | 1),k k k k� � �P P  

( 1 | ) ( | 1),k k k k
 � �P P  

� � �E ( - !
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( ) ( 1),k k� �w w  
where w  is the gain of the filter. The components of 
the steady-state covariance matrix is denoted as 

lim ( | ) .ijk
k k

)*
9 6� 8 5P P                                             (6) 

Components of the one-step prediction of the 
covariance matrix are defined as 
lim ( 1| ) .ijk

k k
)*

9 6
 � 8 5P M                                      (7) 

The updated covariance in Kalman filter is defined 
as 

( 1 | ) TS k k R� 
 
hP h ,                                     (8) 

where h  is the same as before, 2
vR �� , in which 

2
v�  is the variance of the measurement noise. Using 

(4), (7) and (8), the updated covariance will be 

11 .S m R� 
                                                          (9) 
Hence, the Kalman filter gain becomes 
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                                                                            (10) 
Using (10), it yields 

1
1

1, 2,3, 4.
1

i
i

gm R i
g

� �
�

                             (11) 

Hence, the updated covariance matrix becomes 

( 1 | 1) ( ) ( 1 | ).k k k k
 
 � � 
P I wh P                (12) 

Using (6), (7) and (12), it gives 
[ ] ( )[ ].ij ij� �P I wh M                                            (13) 

Therefore, [ ]ijP  is 
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P

(14) 
Hence, the covariance prediction equation in Kalman 
filter is 

0 11 1( | ) ( 1 | ) ( ) [ ].T
ijk k k k� �� 
 � �P F P Q F P           (15) 

If [ ]ij �P P , then, according to (14) the elements of 

P  are  
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          (23) 

2
34 44(3, 4) .P m aNT Tm� 
 �                             (24) 

where 2
jN ��  and 2

j�  was defined before. 

On the other hand, according to (14), elements of 
[ ]ijP , which are designated with 

( , ), ( 1, , 4)PP i j i j� � �  for convenience, are 
equal to 

1 1 1(1, ) ( , 1) , 1, 2,3, 4,l lPP l PP l m m g l� � � �  
                                                                           (25) 

2 2 2(2, ) ( , 2) 2,3, 4,,j jPP j PP j m m g j� � � �  

                                                                           (26) 

3 1 3(1, ) ( , 1) , 3, 4,k kPP k PP k m m g k� � � �  
                                                                           (27) 



4                                       New Steady State Kalman Filter for Tracking High Maneuvering Targets 
Seyyed-Amin Hosseini, Mohammad Farrokhi 

 

Journal of Control,  Vol.2, No.2, Winter 2009  ��� ����	
 ���2 ����� �2 ����� �1387  

 

44 14 4(4,4) .PP m m g� �                                     (28) 

Equating ( , )P i j  and ( , )PP i j  yields 
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It should be noted that two different 34m  are 
obtained in (30) and (31), which is due to the 
different elements of ( , )P i j  and ( , )PP i j . 
Equating (16) and (25) for l=1 and using (29) to (35) 
gives 

7 7 2
1 1 3

3
1 4 1 2

3 2
2 4 1

1260

420 2520
5040 840 2520 0.

aNT aNT g g g T
T Rg g g g R

Tg R T g R g R

� 
 �

� �


 
 � �

       (36) 

The gains of this filter must cancel out the effects of 
T in (36). The gains are selected as [1] 

1 2 3[ ]
2

g g g
T T
( -E9 6� �7 48 5

w                     (37) 

Then, using (30) and (31) 4g  can be calculated as 

2
3

4
22

gg
g

� .                                                        (38) 

Therefore, according to (37) and (38), 4g  is equal to 

4 38
g

T
!

� ,                                                        (39) 

where 
2-!
(

� .                                                             (40) 

In steady-state tracking filters, gains are computed 
based on the tracking index. To compute the tracking 
index and the gains, some additional equations are 
needed. By equating (21) and (28), another form of 

14m can be obtained as  

14
4

2aNTm
g

� .                                                   (41) 

Using (11) and (41), a new set of equations for ijm

are obtained as follows: 
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Equating (16) and (25) for 1l �  and using (41) to 
(48) gives 
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(49) 
To determine the tracking index, equating (42) and 
(12) for 4i �  results in  

7 2
2

128(1 )
aNT

R
!�

E
� �

�
.                                 (50) 

Using the obtained gains and the tracking index in 
(50) and replacing them into (36) and (49) yields 
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Now, using (40), (50), (51) and (52), it gives 
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By calculating �  (using 2 7aNT R� � ) and putting 
that into (53), E  can be obtained. Then, !  can be 
calculated using (50). Finally, (  and -  can be 
calculated using the following equations: 

2

1/ 2
2 2

1 1 1(2 4 ) (4 8 )
192 2 48

1 1 14 4
17920 12 24

( E ! E !

! ! !E E

9� � � � � � �78

6� �� 
 � 
� �4� �5

    (54) 

- !(�                                                            (55) 

It should be noted that, in the process of finding 
these gains, the equations usually yield multiple 
answers, form which only the positive answers are 
acceptable. Moreover, from the predefined range of 
each gain, one can find the correct answer form the 
multiple positive solutions. 

 
4- Simulation Results 

In this section, a comparison between the 
proposed filter and the E ( -� �  filter is 
demonstrated throughout simulations. The variance 
of the process noise for the jerk model is 22j jQ a��  

where 30.1 /j m s� � . It is assumed that the radar 

measurement sequences are transformed from the 
polar coordinates to the Cartesian coordinates before 
the track-while-scan (TWS) process takes place [1]. 
The measurement covariance matrix is defined as 

 

11

22

33

0 0
0 0
0 0

R
RR R

R

9 6
7 4� 7 4
7 48 5

                                   (56) 

where 11R , 22R  and 33R  are variances in x,  y, and z 

directions, respectively, and are equal to 22500 m . 
Moreover, the correlation parameter is 0.7a �  and 
the sampling time interval is T = 0.5 sec., which is 
the time of the radar antenna scanning a revolution. 
The jerk model, which is used for all filters, is the 
same model as Mehrotra and Mahapatra have 
proposed in [4]. For the initial position equal to 

0 10 0 1000 T m, and the initial velocity of 

0 11000 10 0 T
�  m/sec, the gains are calculated as 

0.9493E � , 1.2004( �  
0.0213- � , 3.7695e 004! � �  

It should be noted that the gains of the E ( -� �  
filter are not necessarily the same as the proposed 
E ( - !� � �  filter (although the derivation 
procedure is similar). The reader may refer to 
reference [1] on how to find the gains of the 
E ( -� �  filter. 
The jerk of the target for different time intervals is 
summarized in Table 1. Since the most important 
issue in target tracking applications is the position 
error, only position errors are shown in simulation 
results. 
Figs. 1–3 show the position errors in the x, y, and z 
directions, respectively. As these figures show, when 
the jerk is zero (i.e. the target is moving with 
constant acceleration) the E ( -� �  filter performs 
slightly better than the proposed filter in this paper. 
On the other hand, when the target has jerky 
movements, the error of E ( -� �  filter increases or 
even may loose the target. The reference tracking 
path for the E ( - !� � �  filter is depicted in Fig. 6 
in three dimensions. It should be mentioned that the 
same tracking path is used for the E ( -� �  filter. 
For comparison, the Root-Mean-Square (RMS) 
errors for 500 sec. of simulations are given in Table 
2. 
 
5- Conclusion 

In this paper, a new filter, called the E ( - !� � �  
filter, was introduced. The proposed filter is an 
extension of the E ( -� �  filter, where !  is the gain 
for the target jerk. These filters are constant-gain 
filters and have lower calculation volume as 
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compared to the Kalman filters. In addition, their 
tracking accuracy is acceptable. It was shown by 
simulations that the proposed filter can follow jerky 
models with high maneuvering properties, with good 
accuracy as compared to the E ( -� �  filter. 

 
Table 1: Jerk of the target for different time intervals. 

time interval target 
movement From To 

0 sec.t �  250 sec.t �  Jerk = 30  m/s  

251 sec.t �  500 sec.t �  
Jerk = 

30.25  m/s  
 

Table2: RMSE on x, y and z axes in 500 sec 

 
RMSE on 

x axis 
RMSE on 

y axis 
RMSE on 

z axis 
Proposed 50.18 42.56 43 
E ( -� �  123.3675 141 202 

 
 

 
Fig. 1: Position tracking error on the x-axis  

 

 
Fig. 2: Position tracking error on the y-axis  

 
 

 
Fig. 3: Position tracking error on the z-axis  

 
 

 
Fig.4: The model path and the tracking path in 3D 

 
 

�
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Abstract : Using each other’s knowledge and expertise in learning – what we call cooperation 
in learning - is one of the major known methods to reduce the number of learning trials, which is 
crucial in real world learning applications. In situated systems, robots, even homogeneous ones, 
become expert in different areas due to being exposed to different situations and tasks. As a 
result, Area of Expertise (AOE) of any other agent must be detected before using its knowledge, 
especially when the exchanged knowledge is not abstract, or when a simple 
information-exchange is subject to misinterpretation, which is the case in Cooperative 
Q-Learning. 

In this paper, we tackle the problem of AOE estimation from a behavioral viewpoint. At first, 
a Learning Agent (LA) develops a conception of self expertise by evaluating its own behavior at 
exposed situations. To this end, three different heuristic algorithms for a Q-learning agent are 
proposed. In each of these algorithms, the LA creates a table called Behavioral Self Evaluation 
Table (BSET) to record a quantity that may be perceived as a sign of expertness. The BSET is 
developed during the individual learning process. The LA utilizes the BSET to estimate its own 
AOE, while other agents do not necessarily have such a perception of themselves. Then, a 
classifier is designed and trained for the LA to discriminate AOEs of other agents. Proposed 
classifier uses Q-table based features as input, while utilizing BSET based AOE and non-AOE 
class labels for training. At this stage, the LA estimates others’ AOEs, merely by looking at their 
Q-table based features. Extracted AOEs are merged in the last stage of the introduced 
cooperative learning method. 

The proposed method is tested both in extensive simulations and in real world experiments 
using homogeneous mobile robots. The results show effectiveness of the introduced approach 
both in accurate extraction of AOE and in increasing the quality of the combined knowledge 
even when there is uncertainty and perceptual aliasing in applications and robots.  
Keywords: Cooperative Learning, Area of Expertise, Knowledge Evaluation, Behavioral Self 
Evaluation Table, Q-Learning, Multi-Robot Learning. 
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1- Introduction 
Increasing the speed of learning and improving the 
quality of the learned knowledge are among the 
major goals of researches in machine learning. Along 
with devising faster learning techniques, creation of 
different methods of cooperative learning1 has been 
the target of some researchers in the recent years. 
The main idea in cooperative learning methods is 
getting benefit from the existing knowledge in 
different agents through explicit and implicit 
exchange of learned rules, gathered information, etc. 
Consultation, voting, competition, guidance, 
imitation and information exchange are among the 
methods which facilitate and speed up the process of 
different learning methods.  

Some of these methods are combined with 
reinforcement learning as it is a flexible, general, and 
semi-unsupervised learning method. It helps the LA 
to maximize its return by maintaining a balance 
between exploration and exploitation of the 
knowledge that the agent acquires from different 
sources and with different methods, ex.  0 0 0. Some of 
the mentioned methods, like imitation, advice taking, 
and consultation, require a mentor or a higher level 
of cognition or knowledge. In contrast, 
information-exchange-based methods are much less 
complicated and can be used by simple but similar 
agents. In this work we focus on 
information-exchange-based cooperative learning 
methods that are based on exchange of experiences 
or Q-tables among LAs  0 0. Studied agents are 
homogeneous in the sense of state-action 
representation. 

The Q-learning  0 in its basic form is categorized 
as a slow method for large problems as LA must 
sufficiently search its state-action space. Some 
compact state-action representation methods, like 
fuzzy representation and hierarchical learning 
approaches (ex.  0 0) are proposed to reduce the size 
of Q-table. However, the convergence condition of 
the proposed learning methods is not clear yet. In 
addition, regardless of the state-action representation 
methods, agents might have different levels and 
Areas of Expertise due to being exposed to different 
conditions and tasks. Therefore, there is always a 
room for exchange of knowledge and information 
among the LAs. For example, in multi-agent 
systems, when reinforcement learning methods are 
exploited, the cooperative learning becomes 

�����������������������������������������������������������������
�

1 Cooperation, cooperation in learning, and cooperative learning 
are used interchangeably throughout the paper. 

important, since the use of others’ knowledge and 
experience lessens agent’s need for individual 
experiments and even enhances its knowledge about 
inexperienced situations. Utilizing other agents’ 
knowledge is more reasonable and reliable when 
agents are more expert. 

To use other agents’ knowledge and information, 
it is important to find their AOE as well as level of 
their knowledge. In some existing methods, like 
imitative learning, it is assumed that the mentor is 
fully knowledgeable; however, questions like who 
and what to imitate are two major unsolved problems 
in that field  0. Most of the time, this assumption is 
not valid in Q-learning agents as the agents might 
have non-equal chances for exploration of different 
areas of their state spaces.  
Identification of AOE is not only important for 
cooperative learning but also for a class of learning 
methods, where the agents share some parts of their 
Q-tables in order to attain team-level cooperation. In 
such methods, ex.  0, the team may fail if the agents 
use each others’ Q-values regardless of their domain 
and level of expertise.  

In this paper we focus on identification of other 
agents’ AOE for cooperative learning. To our best of 
knowledge, there is no other work on extraction of 
AOE at least for RL agents. In this research, based 
on a heuristic idea, first some algorithms are 
proposed for an agent to behaviorally measure its 
own expertness. In each of these methods, the agent 
creates a table to record a quantity that may be 
perceived as a sign of expertness. These tables are 
modified during the learning process. The LA is 
assumed to be aware of its own expertness through 
the aforementioned table, while other agents may not 
have such a perception of themselves. Based on 
concepts of pattern recognition, an algorithm is 
suggested so that the LA can evaluate others’ AOE, 
using its own expertness and other agents’ Q-table. 
Thus the LA is able to use the knowledge of more 
expert agents in an efficient manner. The detailed 
discussions are made for Q-learning agents. 
However, the main approach is general and can be 
extended to different learning methods. Fig. 1 shows 
a schematic diagram of the proposed method. Details 
are discussed in section III. 
This research shows that proper understanding of 
expertness, and how to measure it, play a vital role in 
cooperative Q-learning. Indeed, the performance of 
cooperative Q-learning considering AOE may 
improve a lot compared to that of other existing 
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cooperative Q-learning methods, where the AOE is 
not considered. 

The rest of this paper is organized as follows: 
Section II discusses main cooperative Q-learning 
methods and clarifies the importance of extraction of 
AOE. The proposed method is introduced in 
Section III and the results of simulations and 
experiments are reported in Section IV. Conclusions 
and future works are given in the last section. 
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Fig. 1. A schematic view of the proposed method 

2- Cooperative Q-learning 
Cooperation in Q-learning can be performed in 

different manners  0. In sensors sharing, agents share 
their sensory data and each agent plays the role of a 
scout for others. In episode sharing, agents share 
(state, action, reward) triples. Since agent’s 
experiences and knowledge are reflected in its 
Q-table, sharing Q-tables is a reasonable idea 
provided that the validity and the level of the 
encoded knowledge in Q-tables are considered. In 
Simple Strategy Sharing (SSS) or Simple Averaging 
 0, each agent learns in cooperation with its 
teammates through averaging their Q-tables: 

1

1 n
new old
i j

j
Q Q

n �

F +  (1) 

where n is the number of agents. SSS is not an 
appropriate method for cooperative learning when 
the agents’ levels of expertise are different. 
Disregarding this fact, as in  0, may cause a 
misinterpretation that cooperative Q-learning is not 
beneficial for LAs. To solve the problem, Weighted 
Strategy Sharing (WSS) had been suggested in 
which each agent assigns weights to others by 
measuring their expertness and updates its Q-table as 
 0: 

( )
( )

(1 )  ( * )* ( )
j inew old old

i i i i j
k ij Expert i
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.
�

�
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(2) 

where iE  is a weight that agent i assigns to its own 

Q-table, le  is expertness of agent l and Expert(i) is 

the set of agents that are more expert than agent i. 
Expertness is evaluated as a function of the history of 
the received rewards and punishments. Examples of 
utilized expertness measures may be found in 
Section III.A.3. 

In  0 it is shown that WSS has a negative effect on 
speed and quality of learning when the agents have 
different AOE and their expertness values are 
measured using their entire rewards and 
punishments. Therefore, WSS is extended to 
consider agent’s expertness at each state through 
evaluating the reinforcement signals it has received 
in that state. In addition, to specify the AOE, a 
method based on state transition is proposed  0. In 
this method, examining the entire Q-table, the agent 
detects all the states in which greedy action selection 
leads to achieving the goal. This technique is used as 
a gold standard and cannot be used for online 
cooperative learning. 

Using WSS with state-level expertness measures 
is quite effective for cooperative learning among 
agents with different AOEs. However, calculation of 
state-level expertness requires recording the received 
reinforcement signals for each state, which is not 
practical. In addition, this method restricts the agents 
to cooperate in learning with those who have already 
saved their reinforcement history. To resolve this 
problem, in this paper we introduce a structural 
method for detection of AOE. By structural method 
we mean a method that uses a function of Q-values 
(like Entropy or MaxQ) and does not require 
observation of other agents' behavior or an explicit 
history of their learning.  

3- The Proposed Method 
In our proposed method, seeFig. 1, the agent that 
is willing to use other’s knowledge, first evaluates 
itself through extraction of its own AOE by using a 
behavioral self-evaluation measure. Then, based on 
its self-evaluation, it constructs a Q-value-based 
meter to assess other agents’ expertness and to 
estimate their AOEs. Finally, it combines experts’ 
knowledge with its own. The main emphasis of this 

paper is on extraction of AOE.  
Fig. 2 shows two main phases of AOE extraction; 

self evaluation and evaluating other agents. 
In the first phase, the agent willing to evaluate 

other agents –Agent i in this figure- builds up a 
BSET while acting on the environment. Each cell of 
this table corresponds to one state of the agent and 
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shows agent’s level of expertness at that state from a 
behavioral point of view. Then, using its BSET, the 
agent partitions its states into expert and non-expert 
classes. Members of these two classes are utilized as 
references for evaluating other agents in the second 
phase. 

In the second phase, a classifier is used to 
evaluate other agent’s knowledge and to extract their 
AOEs based on some exemplars. Each exemplar is 
composed of a feature vector and a class label; expert 
or non-expert. Since the only available information 
about other agents is their Q-tables in general, the 
employed features are Q-value-based. While, the 
references produced in the self-evaluation phase are 
Agent i’s states tagged as expert or non-expert. 
Therefore, an exemplar generator is used to establish 
the corresponding Q-value-based features of these 
states. The exemplar generator receives feature 
vectors that are derived from Agent i’s Q-table, along 
with the label of each state, which comes from BSET 
and produces a set of labeled feature vectors as 
exemplars. This data is used to train the Agent i’s 
classifier. The classifier gets Agent j’s states along 
with their features as input and classifies each state 
as expert or non-expert. The expert states form 
Agent j’s AOE from Agent i’s point of view. Each 
part of the proposed method is described in more 
depth in the sequel. 

 

 
 

Fig. 2 The proposed method: self evaluation and evaluating other 
agents 

 
A- Self-expertness evaluation 

There is a consensus on the conceptual meaning 
of expertness; however, there are no general 
mathematical definition and evaluation measures for 
it. Based on findings in  0, here we argue that, 

expertness is a relative concept in a society of agents 
and its emergence varies from one task to another. It 
means each agent should develop a mathematical 
conception as well as an evaluation measure for 
other agents’ expertness based on its own task and 
knowledge representation method. 

As our agents are reinforcement learner ones, 
their goal is maximization of received expected 
reward. They attain this goal through repetitive visit 
of states and balanced exploration and exploitation of 
decisions in addition to establishing a compromise 
between the instant and delayed rewards. Therefore, 
relative expertness of RL agents is embedded in their 
relative number of trials, dependable reinforcement 
signals, and the number of their sustainable success 
in achieving an explicit goal state –if such a goal 
exists. Therefore, to evaluate each other’s 
knowledge, our agents calculate their relative 
expertness numerically based on one or a 
combination of this information.  

In this paper, the definition of expertness is 
intended to measure and quantify the quality of 
agent’s knowledge, not its behavioral characteristics, 
which require sufficient behavior observation as well 
as assumption of rationality in action selection. This 
way, the intended criteria can be used to evaluate 
other agents directly from their Q-tables. Therefore, 
among various definitions of expertness, the one that 
meets the following criteria at the highest level is 
opted: 
- Its computation and modification is possible during 
the learning. 
- It reflects the quality and domain of knowledge, 
which helps AOE extraction, and accommodates 
knowledge exchange.  
- It has reasonable and realizable behavioral 
meaning.  

As mentioned, maximizing the expected reward is 
the main goal of any RL agent. In some tasks the 
expected reward is maximized if agent reaches some 
specific states called goal states. Assuming explicit 
goal states simplifies the development of 
self-expertness evaluation methods; however, those 
methods are not applicable in general cases. 
Therefore, in the following three subsections we first 
introduce a general technique based on experienced 
states for self-expertness evaluation. Then we 
develop a counterpart method for the case that agent 
should reach some explicit goal states. Finally, a 
method which is based on agent's reward history is 
introduced. 
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The proposed methods use different information 
for expertness evaluation. These information are 
correlated to some extend, however. They represent 
different concepts. Therefore, the introduced 
methods refer to three different but partly related 
interpretations of expertness. As a result, the AOEs 
that they identify can have non-overlapping areas. 
Availability of the required information and the 
intended application are two main criteria for 
selection of the most appropriate expertness 
evaluation method. However, fusion of these three 
methods, which is beyond the scope of this paper, 
can result in a more robust and comprehensive 
expertness evaluation.  
 
A-1- Experienced States: Visit-table method 

In this method, being experienced is taken as 
being expert. In other words, the more an agent 
explores a state, the more expert it becomes in that 
state. This interpretation of expertness is based on 
the assumption that, the agent in average makes its 
estimation of state’s value more accurate, which 
means gaining more knowledge, at every visit. This 
assumption is true in RL methods, where the learning 
rate decreases as the learning proceeds and the share 
of the experience is increased in the agent’s 
knowledge. Visiting each state, the agent selects one 
of its possible actions which explores or exploits a 
higher expected long term reward. The result, which 
is increase in the degree of awareness about the 
environment, can be exploited by other agents even 
if the agent does not behave rationally. From this 
viewpoint, the area of an agent’s expertness and 
depth of its awareness can be formed in a Visit-table, 

(.)Visit , based on the number of visits of each state.  
If all the visits of each state are counted regardless of 
the results, the table will be called absolute: 

Highly experienced areas of Visit-table indicate the 
qualified knowledge of corresponding states of 
Q-table. 
Although each visit affects Q-values, by defining 
some limitations on Visit-table computation, 
different special concepts can be inferred. For 
example, if the intended visits are those leading to 
increase the value of the selected action, a positive 
experience has taken place. Therefore: 

1

Positive)       :  
     if ( ( ) 0)   then   ( ) ( ) 1
     where  ( ) ( ) ( )
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Similarly, if Eq. (3) is limited to the actions which 
result in decreasing Q(s,a), a negative experience has 
happened. Therefore: 

1
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(5
) 

According to Eq. (5), states with higher Visit-values 
are those in which improper actions are explored 
more. That means the agent has a good knowledge 
about the state-actions that result in negative 
experiences. This measure is useful for identification 
of states leading to lower return.  
 
A-2- Learned States (A Path to Goal): L-table 
method 
In goal-based Q-learning systems, achieving the goal 
is of high prominence and desirability. The 
consecutive selection of state-action couples which 
takes the agent to the goal shows the expertness of 
the agent from a behavioral viewpoint and brings 
remarkable successive rewards to the agent. If the 
agent has an understanding of the learned states, it is 
able to decide how to act and how to exchange 
knowledge with its teammates, that is to decide 
whether it requires some knowledge from the other 
agents. In this definition, learned state means the 
state from which there is a path to the goal in such a 
way that the path can be traversed via a specified 
policy. Therefore, the transition from one state to the 
state which has been learned before, can add this 
state to the sets of learned states. In other words: 

(6) )()(
0)(1)(:

sLsLss
GoalStatesLGoalStatesLvalueInitial

a ,�,G)G
�H�

 
To memorize the learned states, the agent constructs 
an L-table, (.)L , in which L(s) is updated in parallel 
with updating the Q-table. As Eq. (6) shows, the 
entries of L-table for goal states are initialized to 1. 
In the environments in which the goal is already 
defined, the states associated with the goals are 
specified and the L-table is initiated at the beginning 
of learning and can be updated after the beginning. 
But in the problems in which there is no obvious 
goal or the goal is not known from the beginning, 
initialization should be postponed. To do so, after 
some trials, more valuable state(s) through searching 
the entire problem state space are determined as goal 
and then the L-table is initiated. This suggestion 
originates from the fact that the basis of 
reinforcement learning is to gather the maximum 
positive reinforcement signals. 

Absolute) ' : ( ) ( ) 1as s Visit s Visit sGG) � 
  (3) 
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In Q-learning, action selection is based on EEP 
(Exploration Exploitation Policy) approaches in 
which the emphasis is on the action that has had the 
highest benefit. Therefore, Eq. (6) is limited to the 
action with the highest value: 

(7) 

*
*

Actions Set
If { '  and ( , ) max ( , )}

then   ( )  ( ') 
a

as s Q s a Q s a

L s L s    
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�
 

This way, L-table shows the learned states and their 
scope, if the agent exploits its knowledge. 

This method is applicable when agent’s goal is 
reaching an explicit state. In such case, agent is 
considered expert at a state if it has a sustainable 
experience in reaching the goal from that state. 
Similar to Visit-table method, L-table approach is 
independent from the value of reinforcement signal.   
 Random initialization of Q-table and high 
uncertainty in state transitions can result in 
premature change of L-table’s cell. To solve this 
problem, the number of successful transitions to the 
goal from a state can be counted. Then the 
corresponding cell of L-table is changed to one when 
that counted number exceeds a certain threshold. 
 
A-3- Gained Signals: E-table method 

In L-table method, it is supposed that the goal 
exists and the agent rationally looks for it, while this 
is something beyond the basis of reinforcement 
learning in general form. In reinforcement learning, 
the movement of agent and reception of 
reinforcement signals forms knowledge, which is 
stored in and presented by Q-table. The 
decision-making and Q-table modification 
mechanism are based on the idea that at each state 
the agent estimates the expected value for each 
action during the learning progress. This estimation 
helps agent behave in such a way that it receives 
more reward and less punishment. From this 
viewpoint, “expertness of agents” can be measured 
by some kind of summation of received signals at 
each state  0. To do so, the sum of received signals 
for each state is stored in a table called E-table, (.)E
, during the learning process, in order to be used in 
specifying the AOE during the cooperative learning 
process. 

In this method, becoming expert is directly 
related to the history of received reinforcement 
signal. While each cell of E-table accumulates the 
gained reinforcement signal, higher values of its cell 
can be the result of getting a limited number of large 
reinforcements or receiving many small rewards. 

Therefore, value of reinforcement signal should be 
considered in classification of states into expert and 
non-expert. However, as this method evaluates 
relative expertness, it is always true that agent is 
more (less) expert in states with higher (lower) 
E-values. 

 In computing E-table values, the type of signals 
(reward and punishment) can be considered in 
addition to their values. Their algebraic or absolute 
sum can be calculated separately or entirely. In the 
following equations, E(s) is a criterion for estimation 
of agent’s expertness at state “s” and rt(s) is the value 
of reinforcement signal received by the agent at the 
tth visit of state s. Index t shows the length of 
summation interval that typically begins along with 
the learning process and continues to the last time 
when the agent has passed state s by selecting an 
action. 
Normal (Nrm): According to this criterion, the 
agent's success and getting reward is the sign of 
expertness, while receiving punishment signals 
shows inexpertness, that is: 

last
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t
E s r s

�

� +  (8) 

Absolute (Abs): Either reward or punishment can 
enhance the knowledge of agent about the 
environment. Therefore, the level of expertness can 
be estimated by considering both of them: 
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Positive (Pos): According to this criterion, the 
experiences with no reward are ignored and just 
successful experiences are considered. The sum of 
positive reinforcement signals is computed as:  
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Negative (Neg): Just unsuccessful experiences are 
considered in this criterion. The more unsuccessful 
trials the agent has, the more expert it is in avoiding 
undesirable actions. This criterion is shown by the 
absolute sum of negative signals: 
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Above criteria have already been suggested to assign 
weights to the cooperative agents’ knowledge on the 
entire Q-table or at each state in order to be used in 
cooperative learning by Strategy Sharing  0. The 
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direct use of Q-table values without any mapping in 
order to extract the AOE is not appropriate and 
efficient, since these values specify a better decision 
only when they are compared to each other. 

In this research, the appropriateness of E-table 
method to perceive the expertise of each agent and 
evaluate others’ expertise is studied and compared 
with that of L-table and Visit-table methods. Visit-, 
L-, and E-table are all examples of BSET in Fig. 2. 
Having one of the above mentioned tables, the agent 
can estimate the states in which it is expert. In case 
of L-table, class of expert states is evident by 
definition. In case of Visit- and E-table, different 
classification methods may be employed to 
categorize states into expert and non-expert classes 
based on their corresponding (.)Visit or (.)E  values. 
In this paper we simply use median of (.)Visit or 

(.)E  values as a threshold. Our experiments show 
that even this simple classification scheme works 
pretty well in self evaluation phase. 

In the proposed methods, expertness is evaluated 
at the state level however; explicit regional 
expertness evaluation seems more robust. The reason 
behind state-level evaluation, instead of region-level, 
is twofold. First, in RL problems in general, there is 
no model available to detect neighbor states, and 
memorizing state transitions for this purpose is not 
practical. Second, expertness evaluation in Visit- and 
L-table methods is implicitly regional, as the 
neighbor states affect each other in Q-value 
updating. In other words, these tables are based on 
agent’s behavior, which in turn is related to both the 
environment and agent’s Q-table. 

 
B- Estimating Expertness of Others 
Knowing its AOE, now the evaluating agent 
should discriminate expert and non-expert states of 
other agents –or equally estimate their AOEs- for 

knowledge combination, see Fig. 1 and  
Fig. 2. If all agents have created and updated their 

BSETs, no agent needs to estimate other’s AOEs. In 
such a case, cooperative learning can proceed more 
accurately and efficiently, because agents can 
explicitly extract and exchange their AOEs. 
However, requiring all agents to have a BSET, 
especially in open systems –where new agents join 
and leave the system autonomously- is very 
restrictive. In addition, agents might use different 
BSETs and AOE extraction methods. In such cases, 
each agent needs to estimate other agents’ AOEs 
from its own point of view.  

In our approach, as an alternative, evaluating 
agent tries to estimate other agents' AOEs merely 
based on their Q-tables, along with its own BSET 

and Q-table. In this paper, we tried to utilize a self 
evaluation metric to find a way to discriminate 
others’ expert and non-expert states, just by looking 
at their Q-tables. To this end, we exploit the fact that 
if there are several known states as labeled samples 
(expert or non-expert), classification methods can be 
used to discriminate the AOE. This way, each agent 
knows its own AOE with the help of its BSET, and 
finds a Q-value-based reference, which helps finding 
others’ AOEs. 
In sum, estimation of other agents’ AOEs is done 

in three main steps, see  
Fig. 2. First, the evaluating agent forms a BSET 

and distinguishes its expert states from non-expert 
ones accordingly. Second, it calculates a set of 
features on its knowledge at each state –Q-cell in our 
case- and tags values of that features on its expert 
and non-expert states as such, respectively. In the 
last step, the agent computes the same features on 
other agents’ Q-cells and employs a classifier to 
classify that feature values –and accordingly the 
related states- to expert and non-expert classes. This 
classifier utilizes the evaluating agent’s tagged 
feature values as its training data.    

We tested different functions for extraction of 
Q-value based features –i.e entropy(.), mean(.), 
max(.), etc- and found MaxQ(s)=maxa(Q(s,a))  the 
most effective, while being less sensitive to the 
environment model and Q-table initialization. The 
reason that MaxQ works better than the other 
candidates can be speculated in this way that, MaxQ 
is agent’s estimation of its highest expect reward in 
state s and it approaches its real value while agent 
gains more experience in the environment. 
Therefore, it is related to agent’s expertness in state 
s.  

More specifically, when the evaluating agent 
wants to use others’ knowledge, it takes the 
following steps: 
Reliably divides its own state space to expert and 
non-expert groups. This partitioning can be done 
utilizing one of the introduced BSETs 
(e.g. Visit-table) along with a suitable threshold like 
Median. 
Computes some Q-table-based features for each state 
and labels them as expert and non-expert, based on 
the information obtained in the first step. Labeled 
features are used to form a classifier. In this paper, 
MaxQ(s) opted as the feature of choice. 

( ) max ( )
a

MaxQ s Q s,aF (12) 
Specifies the core of the classification system using a 
conventional method such as K-Nearest Neighbors 
(KNN), Parzen or Neural Network classifier, and 
train the classifier using the labeled features obtained 
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in second step. That is, classifier is trained to 
discriminate expert and non-expert states as similar 
as what is obtained through BSET. In this paper, we 
opt to use a Parzen classifier. 
Estimates AOEs of other agents by computing the 
same Q-table-based features on each state of their 
Q-tables and feeding them to the classifier. The AOE 
of the other agent is extracted as the output of the 
classification process. 

In the experiments, it is assumed that the reward 
function is the same all over the state space. This 
assumption could be relaxed to some extend as the 
usage of a classifier brings in robustness against 
minor change of reward function from one region of 
states to another. Therefore, the more relaxed 
assumption is that the difference of state regions’ 
reward functions is limited.  When regions have very 
different reward functions, self-expertness evaluation 
and estimation of other’s expertness should be done 
region by region. The evaluating agent becomes 
eligible for evaluation when surpassing a minimum 
number of experiences. Having the same or 
sufficiently similar reward functions for all regions 
provides the chance of having experience in one 
region and evaluating others in different areas for the 
evaluating agent. 
 
C- Knowledge combination 
As explained, the existing methods for cooperative 
learning  0, 0 not only lose their power in enhancing 
agents’ knowledge, but also can have negative effect 
on each individual’s knowledge when agents have 
different AOEs  0. Therefore, our agents extract 
others’ AOEs from their perspective first. Then each 
agent combines other’s knowledge with that of itself 
accordingly. Preference in knowledge selection for 
combination is given to knowledge at AOEs. 
There are different methods for merging Q-tables  0; 
however, in this paper we use a simple method, 
called Expertness-based Strategy Sharing (ESS), in 
order to show effect of extraction of AOE more 
explicitly. Having extracted its own and other 
agents’ AOE, each robot combines its own Q-table 
with that of the other ones to create a new Q-table 
(see Fig. 3).�
As Fig.3 shows, when merging, each robot keeps its 
Q-values in the states it evaluates itself expert and 
copies either Q-cells of non-overlapping AOEs of 
others or the Q-cell of the most expert agent. 
Q-values of the remaining states are the average of 
agents’ corresponding Q-values. �
 

 
 
Fig. 3. The flowchart of knowledge combination algorithm based 
on Expertness-based Strategy Sharing (ESS). 
 
4- Simulation and Experimental Results 
We present both simulation and experimental results 
to show the benefits of cooperative learning, 
importance of extraction of AOE, and performance 
and applicability of our proposed method in learning 
tasks with and without explicit goal states in 
deterministic and stochastic environments. 
The proposed approach is a general framework 
however, in order to make the results more visually 
presentable; in the simulations we use a maze-like 
environment with three distinct goals. In real robot 
experiments no goal state exists and the robot is 
expected to learn a continual behavior.  
For the Parzen Classifier the window size is set to 
0.3 in simulations and 8 in experiments. These 
numbers are derived through gradual increments of 
window size in search for the least miss- 
classifications. 
 
A- Simulation results 
An environment with 31x21 squares is defined– see 
Fig. 4. There are three goal spots –one in the middle 
of the lower part, one in the center, and one in the 
middle of the upper part- and some obstacles. Such 
environment makes it possible to force the agents to 
gain different AOE as well as makes the presentation 
of the results easy especially via images. By forcing 
the agents to gain different AOE we mean 
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initializing agents with higher probabilities in the 
desired area. Doing so, the agents explore and learn 
more in the desired area.  

 
Fig. 4. A schematic view of the simulation environment. The goals 

are shown by crosses 
 

At each state ( ts ), the agent selects one of four 

actions ( ia ), up, down, left or right, with a 

probability which is specified by Boltzmann 
function: 

Actions

( , )/

( , )/( | )
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(13) 

Where �=1.5 is the temperature. The agent receives 
+1 reward by achieving the goal, -1 punishment by 
hitting the obstacles and -0.1 in other cases. The 
Q-values are updated according to TD (0) 
Q-learning: 

1( , ) (1 ) ( , ) ( ( ))t t t t tQ s a Q s a r V sE E - 
F � 
 
 (14) 
Where the learning rate � is 0.8, the discount 
parameter � is 0.9 and 

Actions
( ) max ( , )

a
V s Q s a

.
� . 

Simulations are done both in deterministic and 
non-deterministic environments and Q-tables are 
initialized with zero and random values between +1 
and -1. In order to evaluate our approach, we have 
performed many simulations under different 
conditions -like different levels of uncertainty in the 
environment and Q-table initialization- and with 
agents with differences in areas and levels of 
expertise. The results show the effectiveness of our 
approach in all cases however; due to space 
limitation we report details of just a set of 
representative results. General outcomes are also 
reported. 
 
A-1- Extraction of AOE  
A-1-1- Deterministic environment  
If agents choose the starting points in specific areas 
with a higher probability, it is expected that they 

have different AOE with the equal number of trials. 
That is, each agent will gain more knowledge about 
the states located at its own area of activity. Fig.�5 to 
Fig.�8 show the extracted areas in which each agent 
has gained knowledge by itself through Eqs. (4), (5), 
(7), and (9).  
Note that the cells of L-table are set to either 0 or 1 
and represented with 2-level (black and white) 
pictures, but the cells of other tables (Visit-table or 
E-table) may get different values. Therefore, their 
representation needs a proper mapping to multi-level 
pictures, or they can be shown with 2-level pictures 
by choosing a suitable threshold which can be the 
mean or median of the values.  
 

   

100 trials 
around (10,5) 

100 trials 
around (10,15) 

100 trials 
around (10,25) 

Fig. 5. AOE based on positive experiences (Visit-table) of each 
agent using Eq. (4)  

 

   

100 trials 
around (10,5) 

100 trials 
around(10,15) 

100 trials 
around (10,25) 

Fig. 6. AOE based on negative experiences (Visit-table) of each 
agent using Eq. (5) 

 

   

100 trials 
around (10,5) 

100 trials 
around (10,15) 

100 trials 
around (10,25) 

Fig. 7. AOE based on learned states (L-table) of each agent using 
Eq. (7) 

 

   

Y�
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100 trials 
around (10,5) 

100 trials 
around (10,15) 

100 trials 
around (10,25) 

Fig. 8. AOE based on Abs received signals (E-table) of each agent 
using Eq. (9) 

 
Nrm -Eq. (8)- leads to similar results to Fig.�8. By 
using the Neg criterion –Eq. (11)- , the states around 
the goal become empty and by using Pos criterion –
Eq. (10)- only the states around the goal are marked. 
Note that changing the value of reinforcement 
signals has observable effects on the strength and 
scope of the results for Eqs. (8) to (11), while the 
output of L-table and Visit-table are more value 
independent. 
If agents explore the environment similarly but with 
different number of trials, it is expected that each 
agent’s AOE is different from others’. Fig.�9 shows 
the results using Eqs. (4) and (7) when the agent has 
started learning with random initial Q-values 
between +1 and -1.  
As expected, the more trials an agent has, the larger 
its AOE becomes. It means that, at a higher number 
of trials, the set of states in which the agent can reach 
the goal by greedy action selection (right side) and 
also its number of positive experiences (left side) are 
increased.  
 

AOE based on positive experiences 
(Visit-table) using Eq. (4) 

AOE based on the learned states 
(L-table) using Eq. (7) 

    

300 trials on 
the entire 

environment 

200 trials on the 
entire 

environment 

300 trials on the 
entire 

environment 

200 trials on the 
entire 

environment 

Fig. 9. Difference in AOE because of different number of trials 
when Q-tables are initialized randomly. 

 
Fig.�10 shows how an agent having its own 
Visit-table -positive experiences in this case- has 
been able to properly estimate two other agents’ 
AOE when all have the same number or trails. 
Similar results are obtained using L-table and E-table 
with some sparse states when using E-table.  
 

   

Third agent 
100 trials 
around (10,5) 

Second agent 
100 trials 
around (10,15) 

First agent 
100 trials 
around (10,25) 

Fig. 10. The first agent extracts its own AOE and that of others’ 
based on positive experiences (Visit-table) -Eq. (4)- and MaxQ 

 
Now we test our methods when the agents have 
different numbers of trials. In Fig.�11, the agent uses 
its Visit-table and MaxQ to estimate others’ AOEs 
that have been trained in different numbers of trials. 
Using L-table leads to similar results. 
 

Evaluation of others’ AOEs 
Evaluation 
of its own 

AOE 

Area of 
positive 

experiences 

     

300 trials on 
the entire 

environment 

100 trials on 
the entire 

environment 

30 trials on 
the entire 

environment 

The same 
agent 

200 trials on 
the entire 

environment 

Fig. 11. The right side agent extracts its own AOE and that of 
others’ based on positive experiences (Visit-table) -Eq. (4)- and 

MaxQ 
 
To evaluate applicability of the suggested methods, a 
comparison is made between the AOE an agent 
perceives of its own using L-table or Visit-table with 
the area estimated by another agent. In  

 
Table 1, the number of states that both agents 
evaluate the same and different are shown. In this 
table, the evaluating agent runs 200 trials on the 
entire environment and the self evaluating one runs 
different number of trials.  

 
Table 1. Evaluation of AOE by the 200-trial agent in comparison 

with each agent’s perception of its own expertness 
 

 
L-table 

Positive 
Visit-table 

Negative 
Visit-table 

Equa
l 

Differen
t 

Equa
l 

Differen
t 

Equa
l 

Differen
t 

The  
30-trial 
agent 

426 4 426 4 169 261 

The 
100-tria
l agent 

408 22 392 38 234 196 

The 
200-tria
l agent 

356 74 363 67 318 112 
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The 
300-tria
l agent 

274 156 358 72 351 79 

 
A-1-2- Stochastic environment  
One important challenge in cooperative 
reinforcement learning is performance of the 
proposed solutions in nondeterministic 
environments. In this research a probabilistic state 
transition model is used to simulate such 
environments, see Table� 2. This distribution is the 
same for all states. 
 

Table 2. State transition probability 
          Result 
Action     Up Down Left Right 

Up  0.90 0 0.05 0.05 
Down  0 0.90 0.05 0.05 
Left  0.05 0.05 0.90 0 
Right  0.05 0.05 0 0.90 

 
Fig.�12 shows the areas that each agent has 
individually extracted based on positive Visit-table 
-Eq. (4)- and L-table -Eq. (7)-. It can be seen that not 
only the area of activity and detected AOE are 
similar, but also the results of using L-table and 
Visit-table are compatible. 
 

AOE based on positive 
experiences (Visit-table) 

using Eq. (4) 

AOE based on the learned 
states (L-table) using Eq. (7) 

    

300 trials on 
the entire 

environment 

200 trials on 
the entire 

environment 

300 trials on 
the entire 

environment 

200 trials on 
the entire 

environment 

Fig. 12. Self extraction of AOE in a nondeterministic 
environment. Agents explore the whole environment.  

 
Fig.�13 shows that the attained results of different 
experiments are still appropriate estimations of 
reality. Images of evaluating others’ expertness are 
comparable to the same agents’ perception of self 
expertness which is shown in Fig.�12.  

Extraction of others’ AOEs 
Evaluation 
of its own 

AOE 

Area of 
positive 

experienc

     

30 trials on 
the entire 

environme
nt

100 trials on 
the entire 

environment 

300 trials 
on the 
entire 

environme

The same 
agent 

200 trials 
on the 
entire 

environme
Fig. 13. The right side agent extracts its own AOE and that of 

others’ based on positive experiences and MaxQ in a 
nondeterministic environment. 

 
A-2- Knowledge combination  
At the beginning of each group of simulations, four 
agents learn independently. Then, all Q-tables are 
combined based on ESS method using expertness, 
Visit-tables or L-tables of the agents. The results are 
compared to SSS and WSS with Abs expertness 
criterion -Eq. (9)- in terms of ‘State Transition test’  0 
and Euclidian distance between obtained Q-tables 
and that of a fully learned agent. State Transition test 
is a behavioral gold standard in which the states in 
those greedy actions leads to the goal state are 
counted. Euclidian distance of Q-tables is used as a 
structural measure to show the difference in agents’ 
knowledge that is coded in Q-tables1.  
 
A-2-1- Deterministic Environment – Zero Initial 
Value 
In the first group of experiments, the initial value of 
Q-table has been set to zero and the agents have been 
forced to choose the start point in a specific area. 
Fig.�14 shows each agent’s AOE under the State 
Transition test. The combined knowledge of these 4 
agents by the agent that runs 100 trails around the 
upper goal is presented in Fig.�15. 
 

    

100 trials 
around(10,25) 

100 trials 
around(10,15) 

100 trials 
around(10,5) 

30 trials on 
the entire 

environment
Fig. 14. Capability of agents running different number of trials to 
reach the goals in a deterministic environment (zero initial value) 

 

    

Based on 
SSS 

Based on 
WSS 

Based on 
Visit-table 

Based on 
L-table 

Fig. 15. Comparing the capability of the combined knowledge to 
reach the goals in a deterministic environment (zero initial value) 

 

�����������������������������������������������������������������
�

1 We call this distance difference in stored knowledge. 
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Since the Q-tables are initialized by zero, combining 
them using SSS and WSS does not have a destructive 
effect on agents’ behavior outside AOEs. Therefore, 
as Fig.�15 indicates, all methods have similar results 
in terms of reaching the goals although the resulted 
knowledge has different magnitudes, see Fig.�16. It 
can be seen that firstly, the knowledge combination 
methods are able to use agents’ knowledge and 
secondly, our proposed method is the most efficient 
one. 
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Fig. 16. The distance between the stored knowledge in each 
Q-table to the knowledge of a completely trained agent  

in a deterministic environment (zero initial value) 
 
A-2-2- Deterministic Environment – Random Initial 
Value 

Fig.�17 and Fig.�18 present the same results when 
the Q-tables are initialized with random values. 
According to Fig.�18, the knowledge combination 
methods based on Visit-table and L-table noticeably 
extend the AOE but, strategy sharing methods -WSS 
and SSS- have decreased the agent performance in 
reaching the goal. Hence, it may be thought that 
knowledge combination is not useful at all when 
using SSS or WSS methods. But, more accurate 
study and measuring the knowledge quality, see 
Fig.�19, show that the knowledge combination is 
generally useful during the learning from the 
knowledge quality point of view. 
 

    

100 trials 
around(10,25) 

100 trials 
around(10,15) 

100 trials 
around(10,5) 

30 trials on 
the entire 

environment 
Fig. 17. The capability of each agent to reach the goal in the 

deterministic environment (random initial value) 
 

    
Based on 

SSS 
Based on 

WSS 
Based on 

Visit-table 
Based on 
L-table 

Fig. 18. Comparing the capability of combined knowledge to 
reach the goal using different methods in the deterministic 

environment with random Q-value initialization 
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Fig. 19. The distance between the stored knowledge in each 
Q-table to the knowledge of a completely trained agent  
in the deterministic environment (random initial value) 

 
In Fig.�19, it is clear that for all knowledge 
combination methods, especially for our proposed 
methods, the difference of combined Q-tables and 
the reference table is remarkably less than the others. 
In other words, if learning continues after knowledge 
combination, it is expected that the agents reach the 
final result faster than when continuing with 
individual learning. 

A-2-3- Nondeterministic Environment – Zero Initial 
Value 
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Studying the same problems and methods in 
nondeterministic environment1 shows that the 
preceding analyses and results are still more or less 
valid, although the positive effect of the proposed 
methods decreases when the environment become 
very nondeterministic. The distance of Q-tables and 
the one of a fully learned agent is shown in Fig.�20. 
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Fig. 20. The distance between the stored knowledge in each 
Q-table and a the one of fully trained agent in a nondeterministic 

environment (zero initial value) 
 
A-2-4- Nondeterministic Environment – Random 
Initial Value 
State transition matrix and Q-value initialization are 
as in Sections IV.A.2.2 and IV.A.2.3. Random 
initialization of Q-tables, as in Section IV.A.2.2, 
limits the success of WSS and SSS in State 
Transition test.  

�����������������������������������������������������������������
�

1 The state transition probabilities in the rest of experiments are 
same as Table 2. 
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Fig. 21. The distance between the stored knowledge in each 
Q-table to the knowledge of a completely trained agent 

in a nondeterministic environment (random initial value) 
 
The distance of Q-tables to the knowledge of the 
totally learned agent (Fig.�21) shows that the results 
gained by the knowledge combination methods are 
much better than individual knowledge of each 
agent. Our proposed method is again the best among 
them. 
 
B- Experimental results 
A set of experiments on two Alice micro-robots  0 is 
performed to test the applicability of the proposed 
method in real world applications. Alice is a small 
(22 x 21 x 20 mm) and light weight (5 gr.) 
autonomous mobile robot (see Fig.�22). It has two 
bi-directional watch motors for locomotion (up to 40 
mm/s), four active infrared proximity sensors located 
on the Front (F), Back (B), Front Left (FL) and Front 
Right (FR) of its body, a PIC16F877™ 
micro-controller (@1 MHz) with 8K x 14-bit words 
flash program memory, 368 x 8-bit RAM data 
memory, and 256 x 8-bit EEPROM, and an IR TV 
remote receiver for communication. It has a NiMH 
rechargeable battery which provides autonomy of up 
to 10 hours. 
A compact version of Q-learning has been developed 
for Alice  0. In this version, Q-values are unsigned 
integers and have a minimum value of zero. Actions 
are selected based on Roulette Selection, that is: 
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Fig. 25. Alice in a plus-shape maze. 
In the test phase all sensors’ status are returned 
back to normal. The robot with fully functional 
sensors is tested using AliceBL, AliceBR, Simply 
Averaged  0, and two Q-tables merged by AliceBL 
and AliceBR. The robot runs 20 minutes with each 
Q-table in the environment without learning and sum 
of the received reinforcement signals is stored every 
15 sec in EEPROM. Then, the gained reinforcements 

are downloaded and analyzed. �
Table 3 shows the average reinforcement signal 

that the robot has received during every 15 sec. using 
the five mentioned Q-tables. 

As the results show, the proposed method works 
much better than single agents and simple averaging 
in the narrow hallway. The introduced approach also 
act much better than WSS  0 in the narrow hallway as 
the agents have different AOE while WSS cannot 
detect this fact and just copies or calculates a 
weighted averages of Q-tables.  

SSS and our approach have similar results in 
plus-shape maze. The reason for this observation is 
that, the free area in plus-shape maze is much wider 
than free space in the narrow hallway. This means 
both robots have a higher chance of observing no 
obstacle. In addition, the resulted Q-tables show that 
AliceBL’s AOE is a subset of AliceBR’s. Moreover, 
because of practical considerations Q-tables are not 
initialized randomly. Therefore, SSS acts very 
similar with our approach when it is employed by the 
robot with less accurate knowledge, that is AliceBL. 

 
Table 3. Average reward gained during test phase using different 

Q-tables. 
 

Robot and 
method 

Environmen
t 

AliceBL AliceBR 

Simple 
Averag

ing 
(SSS) 

Proposed 
method 

by 
AliceBL 

Propose
d method 

by 
AliceBR 

Narrow 
hallway -28.63 -0.93 -0.02 7.13 7.83 

Plus-shape 
maze 1.71 18.84 38 37.58 41.553 

Numbers in  
Table� 3 show that AliceBL does not perform as 

well as AliceBR does. The major reason for this 
observation is that, AliceBL and AliceBR sense 
S1=(0,0,0,1) and S2=(0,0,1,0) respectively as 
S0=(0,0,0,0). As a consequence, their experiences at 
these states affect Q-values of S0. This effect is more 
for AliceBL robot in the reported result as AliceBL 
has 15% less chance to choose FF when there is no 
obstacle around the robot in the narrow hallway. As 
S0 is encountered more often and FF is the 
rewarding action in that situation, AliceBL gets less 
reward compared to AliceBR. In addition, note that 
the robots have a myopic sense of the environment 
and the ratio of the robot’s width to that of the 
environment is about 0.3 and 0.1 for the narrow 
hallway and the plus maze respectively. Therefore, 
turning right or left at S0 increases the probability of 
getting too close to the walls and getting 
punishments in the next steps. The merged Q-table 
by AliceBL has the same problem at S0 as it 
considers itself expert in that state. But, the chance of 
getting punishment in the next states is decreased 
because AliceBL gets correct knowledge from 
AliceBR at states (*,*,0,1) and gains a more 
dependable knowledge by simple averaging of 
Q-cells at the states that both robots are not expert.�
 
5- Discussions 

By taking a closer look at the introduced 
methods, analytical discussions, the experimental 
results, and the extensive simulation studies, the 
following points can be observed and concluded:  
I General results show that all proposed 

methods can detect AOEs when Q-tables do 
not contain false knowledge and the 
environment is not highly stochastic. Positive 
Visit-table and L-table retain their power in 
AOE detection even when some Q-values are 
not correct. The results also show that AOE 
detected by positive Visit-table matches the 
one extracted using L-table. Detected AOE by 
means of L-table is smaller than positive 
Visit-table for low number of trials because 
the agent has gained more positive 
experiences in some states but it might have 
not reached the goal from there yet. 

I Obtained but not reported simulation results 
show that AOE detected using negative 
Visit-table is a complementary of the one 
extracted by means of positive Visit-table. 
This outcome complies with the mathematical 
definition of positive and negative expertness. 

I L-table works well, even when the Q-tables 
are initialized randomly and Visit-table 
perform acceptable, but it might make some 
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mistakes in the initial stages of learning. The 
number of mistakes is reduced when the 
learning proceeds. 

I The area detected by Visit-table or L-table 
method is also detected by E-table but E-table 
have some extra sparse states detected as 
expert. This situation is due to the fact that 
these measures act very locally based on 
instantaneous rewards while L-table and 
Visit-table implicitly consider neighbor states 
and discounted reward as well. The number of 
these sparse states depends on the value of 
reinforcement signal and selected thresholds.  

I In the same number of trials, AOE extraction 
methods are more conservative in more 
stochastic environments. It is natural as an 
agent itself needs higher number of trials to 
learn a stochastic task and its expertness 
grows slowly.  In other words, it should be 
noted that, increase of uncertainty in the 
environment results in slower learning and 
flatter distribution of Q-values. Therefore, 
estimation of other agents’ AOE becomes less 
accurate especially at lower number of 
experiences. As a consequence, effectiveness 
of the proposed method decreases by increase 
in uncertainty in the environment; however, it 
is much better than other methods yet.   

I The results show that an agent’s self 
evaluation and its evaluation by other agents 
are well matched using positive Visit-table 
and L-table. The results show that these two 
evaluations are closer if the evaluating agent 
is an expert or is more expert than the 
evaluated agent. In other words, the more 
expert an agent is the fewer mistakes in 
extraction of other’s AOE. Our method in 
estimation of others’ AOEs is based on their 
structural knowledge not their behavior. 
Therefore, as the knowledge in RL agents is 
value-based, the reward function affects our 
approach when regions of state-space have 
different reward functions and the evaluating 
agent is not aware of this fact. The usage of a 
classifier brings in robustness against limited 
change of reward function from one region to 
another– or similarly from one agent to 
another. However, tolerable bound on possible 
changes should be studied. 

I Results of knowledge combination in the 
simulations and the experiments indicate that 
AOE-based knowledge combination 

outperforms single agent learning, SSS and 
WSS in all cases in terms of behavioral and 
structural measures. Applied structural 
measure is the difference of Q-tables with that 
of a fully learned agent. The behavioural 
measure is the number of states in which the 
agent can reach the goal by its best action for 
goal-reaching tasks or the average of gained 
reward for the other missions. The results 
show that benefits of using AOE-based 
method are more distinct when some Q-values 
are wrong- for example due to Q-table 
initialization or perceptual aliasing. 

In sum, it can be generally concluded that the 
proposed methods are successful in representing 
agent’s expertness however; L-table and positive 
Visit-table show the AOE better under various 
conditions. For self evaluation we propose using 
L-table when there is a goal state in the environment 
and positive Visit-table when the goal state does not 
exist or its existence is not clear. In addition, we 
suggest starting self evaluation after some initial 
learning trials when using Visit-table for agents with 
random Q-table initialization.  

Here we used a scalar feature –MaxQ- and a 
Parzen classifier for extraction of other agents’ 
AOEs. Feature vectors can be used to include more 
information in the feature space in addition to using 
other appropriate classifiers. 
 
6- Conclusion and Future Works 

In this paper we introduced an approach to extract 
other agents’ AOE for cooperative learning using 
just their Q-tables. In this method, learning robot 
uses a behavioral measure to form a BSET and 
evaluate itself accordingly. The outcome of this 
process is a set of states where the agent is expert in. 
This set is called AOE. BSET is used then along with 
a Q-table-based feature to extract other robots’ AOE 
using a classifier. Extracted AOE are used for 
cooperative Q-learning. 

The initial results showed that the existing 
cooperative Q-learning methods result in partially 
incorrect and inaccurate knowledge, when difference 
in AOE is ignored, and particularly when the 
Q-tables are initialized randomly. In contrast, 
simulation and experimental outcomes indicated that 
the proposed cooperative learning is very effective in 
partially solving two major challenges in real world 
applications of Q-learning. The challenges are 
reducing the number of learning trials and increasing 
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the quality of the learned knowledge, when different 
sources of knowledge are present and appropriate 
knowledge for adoption is identified through 
extraction of AOE.  

The introduced method uses a behavioral 
self-evaluation measure along with a simple function 
of other agents’ Q-table to extract their AOE. 
Making the process of reliable knowledge 
identification less dependent to self-evaluation 
measures is one of our future research plans. 
Extension of the presented notions to other learning 
methods and test of our approach in more complex 
robotic systems are among our next research steps. 

The presented idea is general however; detailed 
definitions are developed for discrete state-action 
spaces.  Our preliminary efforts in extension of the 
presented approach to fuzzy RL systems are 
promising  0 and a more extensive study to adopt the 
presented AOE extraction methods to continuous RL 
approaches is underway. 
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Abstract: B2B electronic market facilitates the transactions among businesses. Unfortunately, most 
of these markets couldn’t generate the expected profits for all market participants. In this paper, the 
profit for each market participants has been considered in a neutral market with double auction. 
Based on these profit functions, an optimal quantity of bids and offers is determined for buyers and 
sellers. Then a model based on non-cooperative game theory is proposed that leads to recognize 
optimal strategies for game players that include buyers, sellers and the market owner in complete 
information situation. Using the optimal strategies will satisfy the game participants and maximize 
their benefits. With the help of the obtained information, Market owner can increase benefits and 
support the markets profitability in a long time. At the end of the paper a numerical simulation is 
presented to show the role of game theory in the model and how game theory helps. 
Keywords: Business2Business, E-Business, Buyer-Seller Relationship, Game Theory. 
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1- Introduction
B2B electronic market is an online market that 

facilitates the transactions between businesses to 
exchange their fabric and products. A number of 
factors are identified which impact on the buyer-
supplier interface in B2B commerce by Humphreys 
et al [7]. The success of Business to Business (B2B) 
e-commerce accurately predicted by Wang et al. for 
small and medium enterprises [17]. They suggested 
that the implementation of B2B e-commerce is time 
consuming and the long-term impact on an 
organization may be unclear for some time. 
Unfortunately, the adoption of B2B electronic 
marketplaces was slower than predictions. Some of 
B2B electronic market failure reasons are: 

• Business models of most B2B exchanges were 
not well developed [18]. 

• There was a lack of standards to promote 
integration across company sites, distributor sites, 
and industry sponsored exchanges with back end 
systems [14]. 
• Companies decide to turn inward and focus on 
private exchanges that linked them with key 
partners and suppliers [13]. 
• Suppliers are unwilling or unable to participate 
[14]. 
In the research of Wang et al. a mathematical 

model is introduced that compared the condition of 
buyer and seller in both online (electronic) market 
and offline (traditional) market. This model 
determines the situation that buyer and seller will 
satisfy in the electronic market [16]. In spite of this 
mathematical model, they considered the integrated 
and decentralized supply chain. Berg et al., used a 
probabilistic fuzzy modeling for financial markets 
analysis [2]. 
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Against these mathematical models, some game 
theoretic models are proposed for market analysis. 
Gan et al. showed an auction game model for pool-
based electricity market [5]. They claimed that the 
introduced concept of quasi-equilibrium offers an 
alternative for market studies. Kang et al. presented a 
non-cooperative game theory concept in single 
auction power pool to win the auction [8]. They 
considered a game between two suppliers, rather 
than supplier and buyer. They used marginal cost-a 
set of costs like maintenance, operational and 
upgrade costs- and the price per unit of power for 
each power generators to determine the result of 
auction. Also they performed demand forecasting. 
Their methodology gives optimal bidding strategies 
for competitive power suppliers. 

A game theory simulator for assessing the 
performance of competitive electricity markets 
proposed by Bompard[3]. The simulator is run for 
one year. According to their research, game theory 
can be applied to simulate realistic market 
framework. Behavioral procedures simulated by 
Menniti et al. for electricity market with Genetic 
Algorithm (GA) as an evolutionary game [11]. They 
used GA to forecast the electricity price and how the 
competition can influence it over a long period. Lise 
et al. investigated market power and the 
environmental effects of the Northwestern European 
electricity market with a game theoretic model [10]. 
Rosenthal used game theory to illustrate the transfer 
pricing in a vertically integrated supply chain [15]. 

A computer-based learning environment is 
introduced as a microworld for understanding risks 
in a deregulated industry [4]. Ganeshan et al. 
proposed an optimal procurement portfolio in B2B 
market to help a procurement manager [6]. 
Munksgaard et al. focused on tariffs and investments 
determination to grow the Danish liberalised power 
market [12]. A n-person noncooperative bargaining 
game suggested by Kim et al. that the game leads to 
a nonlinear programing function, but unfortunately 
the model may not be directly apply to some cases 
[9]. 

In this paper the expected profit of each market 
participants has produced, and then using the game 
theory, the optimal mixed strategies for owner is 
presented. Owner can assign offers and bids together 
in a more profitable manner. The rest of the paper 
structured as follow. In section 2, the trading model 
in double auction and the functions of expected 
profit for buyers, sellers and the market owner is 
proposed. In section3, the trade’s game and the 

mixed strategies in a game theory is described. Then 
a numeric example to explain the model is provided 
in section 4. Finally, the conclusion and a short 
discussion are given in section 5. 
 
2- The proposed trading model in double 
auction 

In a double auction, sellers and buyers make offer 
and demand bids and send them to the auctioneer 
(market owner) as depicted in figure 1. 

 

 
Figure 1: Buying and selling in double auction 

 
The prices suggested by buyer is Pb and by seller 

is Ps. Corresponding value for the good suggested by 
buyer is Vb. Consider that Pb < Vb because buyer do 
not bid a price more than attributing value. The 
market owner receives the offers and bids so makes 
decision to how to assign the offers and bids 
together. There are two conditions: 

�������� 	 ��
�������������������������������������� �� ��
������������������  

 
2-1- Notations 
We defined the following quantities: 
Ps: proposed price by buyer 
Pb: Proposed price by seller 
Vb: Corresponding value suggested by buyer 
�: constant cost charged by the auctioneer to the 
seller 
�: constant cost charged by the auctioneer to the 
buyer 
x: nonnegative continuous random variable for 
demand 
f(x): Probability density function for random variable 
x 
F(x): Cumulative distribution function for random 
variable x, F(x) is continuous, differentiable, 
invertible and strictly increasing 
C: Seller’s per unit production cost 
 
2-2- Assumptions 
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We will use the following assumptions the rest of the 
papers: 
• Pb <= Vb. This assumption used to avoid trivial 
problems. 
• Ps is the trade’s price. Pb 	 Ps charged by 
auctioneer. 
 
2-3-The proposed model 

The seller, buyer and owner (auctioneer)’s 
expected profit can be expressed as table 1 when 
sellers and buyers only pay a constant cost. We 
assumed different constant costs for buyer and sellers 
just for increasing the flexibility of the model, 
absolutely these can consider as equal. 

 
Table 1: Expected profit function for sellers, buyers and the 

market owner 

 If  Ps <= Pb 
If  Ps > 

Pb 

Seller’ 
payoff 

� �� �! "�# $�� ��%�! "�# & '%�

(
(

) & * 
-� 

Buyer’s 
payoff 

� !+
 & �
" �! "�# $�� !+
�

(
(

) & �
"%�! "�#& , 
 

-� 

Owner’s 
payoff 

!�
 & ��"% $ * $ , �+� 

 
-� shows that if Ps > Pb seller has lost � and same for 
buyer, if Ps > Pb buyer has lost �. 
Seller payoff (Q) = 
 - �� �! "�# $�- ��%�! "�# & '% & *�(()  
This function is strictly concave. So there is a unique 
optimal quantity that maximizes the seller's payoff. 
This optimal quantity can calculate as: 
 .��������/��� �!%" 0 �&1!%" 2 ��� $ �� & ' 0 3  
                                                                              (1) 
So, %�2 0 145!674867 "                                                     (2) 

�9/�����/���!%" 0 �- !+
 & �
" �! "�# $()�- !+
 & �
"%�! "�# & ,�(     
and in the same manner the optimal quantity for 
buyer is: %
2 0 �145 :!;<46<"!;<46<"= 0 �145                                 (3) 

Seller knows about �, C and his proposed price, Ps, 
so he can calculate the optimal quantity of order. For 
buyer, F (Q) = 1, it means, there is a special Q that 
satisfy the buyer and this point is a q <= Q* and  >%?% 0 %2�@ @���1!%" 0 A@ If Ps <= Pb this model 
will satisfy the buyers but if Ps > Pb they will lose �. 

Also, %
2 and %�2 are not depend on � and �. It shows 
that quantity of order and bid of market participants 
relates to their own information like production cost 
or corresponding value for product. 

3- The trade’s game 
Game theory is a rich area of mathematics for 

economics, politics, finance, military science, and so 
on. Suppose that there are n seller and m buyer. 
Owner will construct a matrix game to show the 
game situation between each seller and buyer. Every 
entry in the matrix poses the three values, market 
participants expected profits, seller’s payoff (Sij), 
buyer’s payoff (Bij), and owner’s payoff (Oij): aij = 
(Sij ,Bij ,Oij). 

 

B 0 �C!DEE?FEE?GEE"!DHE?FHE?GHE"@@@@!DIE?FIE?GIE"
!DEH?FEH?GEH"@@@@@@ �� �@@@@@@

��@@��@@@@
!DEJ?FEJ?GEJ"!DHJ?FHJ?GHJ"@@@!DIJ?FIJ?GIJ"K 

.�� 0 � L������� 	 ��
��������������%
�2 & '%
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����������� & *    

M�� 0 � L������� 	 ��
�����������N+
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aij appears the game’s payoff when �PQ seller is 
trading with  RPQ buyer. Consequently, we will have a 
5-dimensional game matrix that the dimensions are: 
1- number of sellers 
2- number of buyers 
3- number of each sellers strategies 
4- number of each buyers strategies 
5- quantity (Q) 
 
A mixed strategy is vector X = (x1, ..., xn) for seller 
selection and Y = (y1, ..., xm) for buyer selection 
that xi is the probability of �PQ seller will trade and yj 
is the probability of  RPQ buyer participation. And S  �T�U5 0 A and S /�V�U5 0 A. Expected payoff in 
mixed strategy generates as below: W!X? Y" 0�S S ��������!.�9�����"�����!M�9����R" 0V�U5T�U5� S S  ����/� 0 XBYZ 0V�U5T�U5[ 5 �\� T] ^_EE@@_IE

@@@@
@@@@
_EJ@@_IJ` ^aE@@aH`                                    (4) 

According to [1], we can calculate the v,X,Y, (v is 
the value of the game) and consequently a pair 
( 2,/2) that this is a saddle point for the game. 
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4- The numeric example 
Suppose that there are 4 options for seller and 4 

options for buyer. For example each seller can sell 
her products in a different delivery times or types 
(Post the product Online, by train, by plain, before 
the payment, after money received, and etc). And 
each buyer has different payment methods and 
policies. aij in matrix A shows the game’s payoff in a 
situation that S is trading with his �PQ strategy and B 
is trading with her RPQ strategy on Q number of 
product. So we fixed 3 dimensions because we 
supposed that one of the buyers is trading with one 
of the sellers for specified number of quantity. 
Matrix A can be considered from the all market 
participants viewpoints to help the analysis in 
complete information. aij will be calculated from 
proposed model for buyer and seller for each 
strategy. 
We generated the hypothesis matrix from a seller’s 
standpoint to illustrate the model like this: B 0 � ^ bHcde

edEe
cHHEcf

gfEd`    

To find the Y and a saddle point, Theorem 1 part (a) 
and (b) is been used [1]. 
 
Theorem 1: 
I Part (a): If E!�? Y2" 	 h� 	 W!X2? R"? � 0A? @ @ ? ��? R 0 A? @ @ ? i?�then h 0 j!B"����! 2? /2" 

is a saddle point for the game. 
I Part (b): A strategy X2 for player 1 is optimal if 

and only if j!B" 0 �i��5k�kV�W!X2? R"@ A 
strategy Y2 for player 2 is optimal if and only if j!B" 0 �i� 5k�kT�W!�? Y2" 

 
So we have: W!A? Y2" 0 �j� l m/5 & n/o $ p/q 0 j  W!n? Y2" 0 �j� l n/5 $ r/o $ s/t 0 j  W!r? Y2" 0 �j� l &r/5 $ /o $ /t $ /q 0 j  W!s? Y2" 0 �j� l &s/t $ r/q 0 j  
and /5 $ /o $ /t $ /q 0 A  
Then, 

Y 0 !&spsu ? AAsu ? nnsu ? pnsu" 
which is not a strategy because v/� w 3. This means 
that our assumption about the existence of an optimal 
strategy with /� � 3, j = 1,2,3,4 must be wrong. We 
know that min E(2, y) = 2. For an optimal strategy 
for buyers, as well as E (1, y) < 2, E (3, y) < 2, and 
E(4, y) < 2. So that y1 + y2 + y3 + y4 = 1. The plot 
of these inequalities showed in figure 2. 
 

 
Figure 2: Optimal strategy set for Y 

 
There are lots of points which work. In particular 

Y = (0, 0.1, 0.6, 0.3) will give an optimal strategy for 
buyers from sellers standpoint (with seller’s payoff 
function). So the market owner can calculate the 
optimal mixed strategies for sellers from seller’s 
standpoint. W!X2? A" 0 �j� l �m 5 $ �n o & r t 0 n  W!X2? n" 0 �j� l �r o $  t 0 n  W!X2? r" 0 �j� l �&n 5 $ �n o $  t & s q 0 n  W!X2? s" 0 �j� l �p 5 $ �s o $  t $ r q 0 n  
and  5 $  o $  t $  q 0 A  
So, 

X 0 !A33px ? mnpx ? &nnpx ?&prpx " 
which is not a strategy because v � w 3. It is 
necessary to look for x1, x2, x3, x4 to find an 
optimal strategy for S. W!X2? A" � n� l �m 5 $ �n o & r t �� n  W!X2? n" � n� l �r o $  t � �n  W!X2? r" � n� l �&n 5 $ �n o $  t & s q � n  W!X2? s" � �j� l �p 5 $ �s o $  t $ r q � n  
So replaced x4 = 1	x1	x2	x3 and then get a graph 
of the region of points satisfying all the inequalities 
in (x1, x2, x3) space. 
Inequalities: m 5 $ �n o & r t �� n  r o $  t � �n  &n 5 $ �n o $  t & s q � n  p 5 $ �s o $  t $ r q � n  
Also owner can construct the same matrix from 
his/her self standpoint or buyers standpoint (using 
buyers payoff function) to obtain the mixed 
strategies for all market participants. Thus, the 
market owner has clear information about market 
and he/she can make the best assignments to satisfy 
maximum number of sellers and buyers and 
consequently increases the market profitability. It 
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leads to encourage the game participants to stay in 
the market. 

5- Conclusion
This paper describes the expected profit in an 

electronic market that uses the double auction. The 
proposed model has a series of separated expected 
profit functions for sellers, buyers and market owner 
(auctioneer). The model has been used in a game 
theory as a payoff function so that the game matrix is 
a 5-dimension matrix. A numerical simulation is 
represented to convey the concept and application of 
the model when a seller is trading with a buyer on a 
specific quantity. This model works in a complete 
information situation. We can expand this model to 
an incomplete information condition in the future. 
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