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Abstract: Markov Decision Process (MDP) has enormous applications in science, engineering, 
economics and management. Most of decision processes have Markov property and can be modeled 
as MDP. Reinforcement Learning (RL) is an approach to deal with Markov Decision Processes. RL 
methods are based on Dynamic Programming (DP) algorithms, such as Policy Evaluation, Policy 
Iteration and Value Iteration. In this paper, policy evaluation algorithm is represented in the form of 
a discrete-time dynamical system, namely a Discrete-Time Control system. Hence, using Discrete-
Time Control methods, behavior of agent and properties of various policies, can be analyzed. Two 
grid-world problems are solved and analyzed using this approach. Therefore general case of grid-
world problems is addressed, and some important results are obtained for this type of problems, For 
example, equivalent dynamical system of an optimal policy for a grid-world problem, is always a 
dead-beat system in the framework of Discrete-Time Control systems. 
 
Keywords: Dynamic Programming, Discrete-Time Control Systems, Markov Decision Process, 
Reinforcement Learning, Stochastic Control.  
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 ���0 �� i��, 

�9�����9 �
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K�0%X, ����� KE�&� B, �*�� ) �_��0= �= 4�B )�$ W�� B, 6�
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 E �� 
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 .�= -�, �G?�+ n�$ W�0 B, 
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= �����H Y��(9 W�0 �
 G�, �	_� KR�+4c � � �,�� �$  =��H
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 W�0 x�O��, ����+,a  B, G?�+ �= �
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 K�*" �� ����T� �� �=�,=: 0,1� � �� 	 
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 =*�

 E G?�+ �$ B, 4=�
 yE�� �� �
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1

1 1
( )max ( )

ii n

�
��

� �

� �
��

  

 �4c �= �
( )
i
� � ��	$= 4�<� �F�E �,�� )2  )i E �M�,( )� �  ���

�&�X y�]�3  #��9�� � ���� .� ��$�< ,r?  }�� �
 =*�
1� �, ���		
 -��|9 �,�?  �= ��� N��]9 )�� ��,�T�$ )

�?=�]  ))5 ( ),�� =E�� x,*� =*�E �� E)6 (��� ���� .�'�,�  )
)14(C��= }�� �  ),�� )�9� � 4��� �	
 .�F�E ��=�� M��9 �H,  )

 #��9�����,= 4E�= � c ��	��� �+,E )4  )�� ��H)5( ),B, �� �
 ��=�� B, �[��� =*� �$,*[ ,�T�$ ��	��$ ;� B, ��H��� �
 ����.  

  
5- ��T� �� ���*	 � �2 ��&:� )  

 E= �W�� lO� �= ��� ��' 6?�' B, �=�&��, �� �lO� -�, �=
�?p� � �,�� ����� E W+ =�* ��*�� ) ����H . �
 �9,�$�< W+ �=

����� )�<T$,� �G�, ��/�H M���, �?p� E= -�, )��H  �= ��
 )�$
�	��$ ���< Wo�� E �?E�� Wo�� q*([.  

  
5 -1- �?p� �E, )  

�?p� ;�  W_� �= ��� �=,= 4�<� K�*" �� �,� �?E�� )2 �= �
����T� �L� . ���0)K��E� ;� %u (���[ B, �_� �=  ��� ��&� )�$

,= �,�� �E�� -�,=� .� ��?�+ �$ �= W�0  �� �A G�� �� ��,*9
�	
 G
�+ G�,� .���[ B, �_� �� W�0 �
 ��T	$  )���
�[ )�$

� N�*� E, G
�+ ����� =*� . �� ��,=�! �G�,� �� �A �� G
�+
�B,��,  )1- �	��$ ^�,E �= �
 =�,= �! �=  ),�� W�0 �
 G�, ),

� 4=�
 G
�+ =B,=�! . ��?p� W+ B, n�$�*�� 4=�
 ,��!  ),�� ),
 G
�+ =,�]9 -����
 �= �KR�+ B, M,�
 �$ B, W�0 �
 G�, G
�+

���[ B, �_� �� ������ n�$ )�$.  
  

s0 s1 s2 s3 s0

  
  

 W_�2 -   lO� �= ����� =�* ��u �� }*�� �E��5-1  
  

 �E��1 -  ),�� N��O KR�+ �= K�
�+ x�O��, ����+,( )p�  
 G�,�)R(  �A )L(  ( )p�  
p  1 p�  1

s  

  
2 Eigenvalue 
3 Spectral Radius 
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1
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2
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1 p�  p 3
s 

  

 �E�� �= ��� �=,= 4�<� K�*" �� ������1 �?p� ),�� ,�  �.�+ )
����T� �L� �= . �
 ��	
 ��*90,1p � �� 
 ��   ���59 �
 G�, )��,��!

G���� =���, U0�� �4c �,�� �?p� ),�� N��O )�$  ����� =�* )
� =*� . G���� 6�9�9 -�, ��1

2
( )�� � �� E �/=�(9 %�
 G���� ;

G
�+ ),�� )E�� ����+, G�, G�,� E �A )�$ . G����(0)�  ����
 G���� -�, B, �
 ���0 E G�, �?p� -�, ),�� �	��� G���� ;�

Y
 �= �G?�+ �$ B, ��	
 G�]�9 ���[ B, �_� �� G
�+ =,�]9 -��9  )�$
���� �$,*[ n�$ .�	�= Y���� G���� ����B�, �� �=�] �_�( )p� �� �

=*� �$,*[ ��B K�*":  

)15(  ( ) ( )( ) 1 1
1 2 2

0 0 1

: 0 1

0 0 1

p pp
k k k

p

v v u

p

� �� �

� � � ��
 � 
 �

 � 
 �� � �
 � 
 �

 � 
 ��
 � 
 ��  � 

  

�?=�] �� ��� N�"*9 Y���� �� �=�] W���9 ^��9  K���0 e*/ G?�+ )
B, G�,:  

)16(  
2

( )
1

( ) ( 1)

( )

z p

G z z
z p

z p

� �� �
 �

 �� � �
 �

� 
 �� �
 �� 

  

6'�  e*/ Y���� )�$p�  Ep� �	��$ . �
 ��T	$0p � 
 G���� B, W�0 �	]� �����(0)� 6'� M��9 ��	
 G�]�9  Y���� )�$

��&" ��� �= e*/  )z � �,�� ����H . U�� �= ������ -�	A
���= ���	
hv*w� �=� Y���� M�� �� ����1 � ��[�	� =*� . Y���� ;�

 ���= vhv*w� �=�nY���� ���� �� ����� �= �  ���= )�$n �
^��� ��! {��! E =�,= ,� -_� {��! -��9  �= ����= �4c )n  �+,E

H ���B� ����� �,�� �� �����  ���[27] .�?=�] B,  G?�+ ))15 ( ��
�  ��	T�� ������ =�* Y���� )=E�E �
 ��c

k
u  4c ��E�[ E

k
v� 

G�, .�'�,� �H,  W���9 B, �=�&��, �� ,� ��E�[ E )=E�E -�� )z 
*	�G�,= Y�$,*[ �Y���:  

)17(  ( ) ( ) ( )V z G z U z�  

 4c �= �
( )V z  E( )U z W���9 6�9�9 �� �z ��	T�� $ )�
k
v�  E

k
u 

�	��$ . ����� �,��
k
v�G�, G���� ����B�, Y���*T?, x,*� � . C�X

��|� ��	T�� ),�� ����� �,�� )  ����� �,�� �����H )�$
k
v�  ��

G�, ����� W��� ��B K�*":  

)18(  
1

1
1

1

lim lim (1 ) ( )

lim (1 ) ( ) ( )
kk z

z

v v z V z

z G z U z

� � �

	� 	
�

	

� � �

� �
  

  
1 Dead Beat 

 ��	T�� �
 -�, �� ��*9 ��
k
u��! �� ��,�� ��,*�$ �  ��/�H �L� �= �+,E )

� Y��,= �=*�:  

)19(  1

11 1

1
lim(1 ) ( ) lim ( ) (1)

1z z
v z G z G z G

z
� �

�	 	
� � � �

�
  

�?=�] �� ��� N�"*9 Y���� ),�� ,r?  G?�+ ))15( �� �=�] �
 �
 G���� ����B�,( )p� ��B K�*" �� G?�+ )�$��5� ����� �,�� �G�,

�	��$ ����� W���:  

)20(  1 2 1
1 1 1

T
p p

v
p p p

�
� �� �
 �� � � �
 �� � �� 

  

��	$= 4�<� ������ ��=�� -�, �	��$ P�*� )  �� W�0 �
 �	��$ ),
���[ �� 4���� ),�� �KR�+ B, ;� �$ B, yE�� � �n�$ )�$ =B,=�!. 

�	��$ �,�� -����
 � G[,=�! �
 ),  ),B, �� �=*�0p �  G�= ��
� ��c .] G���� ��,�� -�, �� �=�(0)�  �	��� G���� ;� �
 G�,

G�, �?p� -�, ),��.  
 W��	9 6��. �,�� ���� M���, K����� �=�  �L� �= ;� �� ��,��

G�, ��� ��/�H . �H,� �?=�] �Y�	
 =�,E K����� �= ,� + ) �� G?�
=*� �$,*[ ��B K�*" �� ���c G�=:  

)21(  ( ) ( )( ) 1 1
1 2 2

0 0 1

: 0 1

0 0 1

p pp
k k k

p

v v u

p

� �� ��

� � � ��
 � 
 �

 � 
 �� � �
 � 
 �

 � 
 ��
 � 
 ��  � 

  

 )�,���! �G���� ����B�, Y���*T?, ��,�T�$ ),�� �/�
 E MBR }��
G�, e*/ Y���� .��$ �
 G�, �,���! �9�*" �= Y���� -�,  ��=�� )

�F�E ���,= W[,= �= 4c G?�+ #��9� )  ����T� �,�� �+,E )[27] .
�F�E ��=�� �?=�] �� ��� N�"*9 Y���� G?�+ #��9� )  G?�+ )

)22(B, �	9���0 �:  

)22(  
1 2,3
0 p� � �� � �  

 ����B�, Y���*T?, ��,�T�$ -�	Z�$ E Y���� -�, )�,���! }�� ,r?
 G����( )p� G�, ��B K�*" ��:  

)23(  1
1p

p
� �� � �  

��� 4��� e*/ }  ����B�, =�* G���� �H, �
 �	
(0)�  �����
 ��=�� M��9 ),B, �� Y���*T?,� =*� �$,*[ ,�T�$.  

  
5 -2- �?p� ME= )  

 W_� K�*" �� �?E��3 ����T� �L� �= ,� . �= W�0 ���� �?p� -�, �=
���[ B, �_� � ��&� )�$� E �=�,= �,�� �E�� ��  G
�+ �� G����

 E= B, �_� �� ,� =*[ �G�,� E �A �-���! �R�� ~G�� ���A B, �_� �=
���[ ��� bO< )���
�[ ��� �� �
 �n�$ ) ������ ���, . G
�+
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�B,��, �� ��,=�! �G�� �$ �=  )1-  4�<� �h,=�! -�, �
 �=�,= �! �=
��	$= �	��$ ) ),�� W�0 �
 G�, ), � G
�+ �$ =B,=�! .

G
�+ � �E�� B, W�0 4�� 7��[ U0�� �
 ���$  G�]�* �� ���*�
��� ���59 ,� W�0 W� E ���,�� )��t�9 W�0 �	$= . =��T� =�� ���� W�0

 h,=�! -���<�� G/���= �� �
)����� -����
 G[,=�!( �� ,� =*[ �
���[ B, �_� ������ n�$ )�$ .� C�� )��
 -�	A �H, W�0 �=*

���� n�$ �� �G
�+ =,�]9 -����
 �� G�, ����,*9 . �� �?p� -�,
Y��(9 �	�c�/ ;� K�*" � 4��� W��� �n*
�� )��H � E ����  4,*9

=�
 �=�&��, G���� ����B�, hE� B, �4c W+ ),��.� B, �=�&��, ),��
��?E, hB�, �G���� ����B�, hE� ���[ B, M,�
 �$ ) &" �� ��,�� ��$ �= �

� ��/�H �L�  =*�[1,5,7,14] .��|� C�X �'�� ) ����� �G��t )  )
��?E, hB�, B, W��� ������ ���[ ) � �$  �� ��,*�$ Y���*T?, E ����

�'�� ;� =�/ �� �(�	 ) � ,�T�$ �*���� )�|/ �=  =*�[17].  
  

s0 s1 s2 s3

s0

s5 s6 s7s4

s9 s10 s11s8

s13 s14s12

  
 W_�3 – �?p� �� }*�� �E��  lO� �= ����� =�* )5-2  

  

9 �
 ������ G���� �G�, ��/�H �,�� �=�&��, =�* �?p� W+ 4���!�
G�, �/=�(9 .��$ �= ��
 �	] -�, �� ���[ )  ����+, ��E�� )�$

 �� M���A ;� �� ��,�� �T�$ E )E�� �K��� M��9 �� G
�+25/0 
� ���� . W_� �=4�?=�] )�,�_9 W+ B, ��+� �	A �  P�*9 �-��� )

�?=�]  ))7(�� �=,= 4�<� �G�, � . �$ �� }*�� J���� B, �=�&��, ��
� ���+� ���! ,� ������ 4,*9 =�
 )��� . W�0 ��
 6�9�9 -�, ��

� ���[ G�� �� ��E�� B, ���[ �$ �= G����  �
 �	
 G
�+ ���$
���,= ,� hB�, -���<�� .hB�, B, �=�&��, �� �
 ������  G�= �� )�$

��+� �= ��c  )k� G�= �� M�,  K�*" �� ���c
k
�  ��� �=,= 4�<�

G�, .
0
� G�, �/=�(9 G���� 4��$ .��  �� �
 G�, ������ ���

hB�, B, �=�&��, � G�= �� ����� )�$ ��c .
3
� �9 EG���� M�  )�$

 E �	��$ �=�] �T�$ �4c B, �]�
3
� ��� � ���� . �� ��	
 ��/

G���� B, M,�
 �$ B, �=�&��, �?=�] ���c G�= �� )�$  Y���� )
�?=�] �= ��� �/�]  ))10 ( #��9� E ���*� ������ �?=�] �=  )

)10 (G���� ),�� 
i
�  K�*" ��

i
� ���� . #���, B, �=�&��,i �/�" �

#���, W[,�9 B, )��H*�� W�?= �� �?=�] �= �$  ))10 (� ���� . y�]�
#��9� B, M,�
 �$ �&�X ��� ����� �*
r )�$ B, �	9���0 E ��,:  

)23(  0 1

2 3

( ) 0.9468, ( ) 0.8431,

( ) 0.5, ( ) ( ) 0

� �
� � � �� �
� �
� � �
� �

�
  

� ���= �*.E ��  =���, �= ��/� ��
 �� G���� ��� �A �$ �
 =*�
�	��� ��� �B,��, ����� �9 �F�E �,�� -���H��� )  ��� G?�+ #��9� )

;A*
 � �9 =*� . G���� ),B, �� q*([ ��
3
�  4��$ ���� �

�	��$ �&" �� ��,�� �F�E ��=�� ���9 . 6��. )R�� �+ �6�9�9 -�, ��
 W��	9� )�� ��,�T�$ ),�� �)5(G���� ),B, �� �  )�$

0
�  �9

3
�  ��

B, G�, K���0 6�9�9 :0562/1 �1861/1 �2  E� . ��T�= K���0 ��
�?=�] �� ��� N��]9 )��  ))5( G���� B, )E��! }�� �� �

3
� ��� ��=�� M��9 ),B, �� ��=*� �$,*[ ,�T�$ �.  

6'� ��/�X B,  Y���� )�$)10(�F�E ��=�� �� �  #��9� )��  ��,��
�	��$ .� ��$�< 6'� �
 =*�  G���� �� �=�] Y���� )�$�� �

���,= �,�� ,�� �= �T�$ . Y���� ;� ��� Y���� -�, ��T�= K���0 ��
G�, hv*w� �=� .�?p� W+ B, n�$  B, �_� �� 4���� ���� e*/ )

���[ � G
�+ =,�]9 -����
 �= n�$ )�$ ����.  �]��X %�
 ,r?
 �
 ����� hv*w� �=� Y���� ;� �� ���	� ��	��� {��! �
 G�,

^��� Y���� -�� �= ,� {��! -��9 Y$ )�$ ���= =�,= h, .�  4,*9
 ),�� G���� ����B�, Y���*T?, ��
 =�
 �R���,�� �= �u
, �+ �14 

� ,�T�$ �,�_9 ��$ �4c B, #! E =*�  =���, KR�+ hB�, �= )���59
�� �$,*O�.  

 ��$ hB�, N��]9 �� � ���E�[ 4,*	0 �� KR�+ )  W���9 ^��9 4,*9
Y���� -�, =�Ec G�= �� ��B K�*" �� ,� �$:  

)25(  1( ) ( )
i i i
G z zI � �� � � �  

 E )=E�E ;� �� ������ �� ���	� �e*/ W���9 ^��914  ��E�[
� ���� .��E�[ B, M,�
 �$ ���[ B, �_� hB�, �� ���	� ��$  )�$

�?p� �� }*�� �E�� � ����� =�* ) �	���.  
Y���� B, ;� �$ ����
�/ {��! ���*�� 4,*	0 ��  ),B, �� ,� �$3s  �=

 W_�5 � ��$�< ��	
 . {��! -�, ��?p� �= =*�* 4���9 �� ��*9 ��
���[ �� }*�� �����
�/ ) 12s � ��� ���� .���= �
 ��	
 ��*9  )�	�

 Wv� ��~= K�*" �� �)=*�0 �*�(dB)  ��=�� E G�, ��<� x�O��,
�	��$ �]�,E ��=�� ���� �=,= 4�<�.  

�'�,� �������= ���	
 �= �
 -�, �� ��*9 ��  �*$* #��
�/ )�  ��
 #��
�/ P��Oz  K�*" ��sj Tz e ��  W_� �= �G�,5 #��
�/ �
 �*$*� �B�� ��  )0,�� �
 ��  G�, ��� =E�� . B, �*L	

s
T 4�B �

��*�� G�, ������= Y���� )�,=�� .*9 ����
�/ {��! �
 ������ ��
���*/ W���9 �
 �Y����  ;� �G�, ����H �?�	T�� B, ����H )

��E= E G�, ���*�! E xE�	� ��	T��  4c xE�	9 )2� �  �� E ����
 6�+ �� 7EB �]��9 �Y���� 4=*� ����+ W�?=� �  ����[27].  

�/ {��! W_� �= ��� �=,= 4�<� ����
5 �= ��� K�0%X, )E�+ �
� �W�0 n�X B, ��/� ��
 �� G���� E P�� =�* ���� . -�, �=

���[ �= Y���� ��H��� G?�+ =�_��0 �W_�  )3s {��! �� ��*9 �� �
G�, ��$�< W��� �����
�/. Y���� -�, ��H��� G?�+ =�_��0  ��$

G�, �&" #��
�/ �= ����
�/ {��! �,�� �� ���	� .� ���=  �
 =*�
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6- ����� ���� V�� ���*	  
 ���< Wo�� �� E �?E�� Wo�� �� �lO� -�, �= ��c G�= �� J����

� }*�� ��*� .����� �
 ��o�� ���< q,*[ )��H  lO� -�, )�$
4c =�* �= � e�" �$ B, �	9���0 ��		
:  

�� Y��(9 �	�c�/ 6?�� �= �?p� G���� �H W��� n*
�� )�
���� N�"*9.�

������ G?�+ -��	A �� ;�1  4c �� 4���� �� �
 �	��� ���,= =*�E
�&��E �KR�+ � M��9 W�0 ) �=*.�

��	��$ �K�
�+ M��9 �	��� ���,= �&	 h,=�! K�*" �� ),.�
��*�� -�/�� ��?p� W+ B, n�$  G�, ����� G?�+ �� 4���� ),�� ),

 -����
 G[,=�! M���� �
 h,=�! 4,�� -����
 r[, �� E ��	��$
���� ��&	 .�	��$ h,=�! ����	9 y*�� K�*" �� W
 )  )�$

� N��]9 �W�0 P�*9 ��� G/���= =*�.  
�?p� ;� ���[ �	A �� ;� �� �,� �?E�� ) ����T� �L� �= n�$ ) . B,

���[ M��9 ��/*
�� �� �L�  �= �+,E G?�+ ;� 4,*	0 �� �n�$ )�$
/�H �L�� �� ��*� .���[ �� ���	� �
 ��?�+ hB�,  �G�, n�$ )�$

G�, �&" �� ��,�� ��,*�$ . �,=�� B, G?�+ -�, hB�, ���(�[, G�� ,r?
G�, ���=�H nr+ G?�+ hB�,.  

 ���
�+ �$ ��
 G�, ��� ��/ ��?p� G��
 B, 4�� ����
 4E��
�	��$ �B,��, �� ��,=�! K�*" �� �
 =�,= ),  )1- , ��� ��G� .

 K�*" �� W��	9 6��. -�	Z�$1� � G�, ��� ��/�H �L� �= . �$
���[ B, ;�  �	�� G?�+ ;� �� �=�] ��E�� )=�0 )�$s �	��$ .

 G?�+ �$ ),��s� �]'� � ���[ B, �_� G�� �� )��� 4,*9  )�$
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�?p�  �,�� B, W��� ��?E�� )�G�, ,�T�$ ��,*�$ �.�
��B,��,  �*$* #��
�/ �= ����
�/ {��! )0� � -�, ),�� �


 �Y����=�,= ,� -_� �,�� -���� . �
 �9�*" �=1� �  �����
�B,��,  G?�+ �� ���	� ����
�/ {��! )s #��
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1z � �� ��,�� �( )m s =*� �$,*[ .�	��� �� ��,�� �,�� -�,  hB�, )

 G?�+ �����s G�,.�
  �  

  


�Z[�.  G?�+ B, yE�� �� ��	
 G�]�9 �	��� G���� B, ���0 �H,s �
�	��� ��� ���[ G�� �� ,� ),  M���, �� ����= �=�
 �$,*[ �X n�$ )�$
( )m s ���[ �� G
�+  �� ��,=�! ������ E ����� �$,*[ n�$ )

�B,��,  )( )m s� =*�� �$,*[ G/���=.  
 �H,1� � ���[ hB�, �=*� ��/�H �L� �=  )s 4=,= M���, B, #! �

 G
�+k�M�, h,=�! y*�� �� ��,��  G
�+ M���, 4�B �9 �
 G�, ���$
kG�, ��� G/���= W�0 P�*9 �M�, . G?�+ hB�, �6�9�9 -�, ��s �

 v4�B B, �]��9 K�*" �� ��	
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� ��$�<  G?�+ �� ���	� W���9 ^��9 ��
 =*�s ����= �( )m s  6'�
��&" ��� �= �T�$ �
 =�,=  )z ���,= �,�� . �� ��T�= K���0

*( )
s
G z G�, hv*w� �=� Y���� ;� ��,*�$ . ^��9 )�$�&" -�	Z�$
 W���9*( )

s
G z���,= )E� �� ��,*�$ �  �T�$ E ���,= �,�� �+,E )

�<��  )�$( )m s�	��$ �+,E M�, . �
 ��	
 ��*91z � ^��9 �&" �
 W���9*( )

s
G z ��� ���� .�'��  )1z �  W���9 ^��9 )�$�&" E

*( )
s
G z���,= P�� �  �� ,� �+,E )( )m s  Y���9 )E�� G���

� �		
 .&?* ;� �� }*�� ���� ��' 6?�'�  ^��9 B, )����[, )
��=*� �	��� G���� ����B�, �� �=�] Y���� W���9 .��$ �&?* )  -�, )�$
6'� M��9 -�,���	� E �	��$ hv*w� �=� �W���9 ^��9  �= W���9 ^��9 -�, )�$

��&" ���  )z ���,= �,�� .���L� �� ��*9 �� Y���� ���	
 )  )�$
����H-4�B�=� Y���� �-^��� �h*�  -�� �= ,� -_� {��! -��9

Y���� M��9 Y$ )�$  =�,= ���=[27] . �
 -�, �� ��*9 �� -�	Z�$
6'� ��&" ��� �= Y���� )�$   )z �*�� �� ��*9 �� E ����,= �,��  )

 6��. ��t�9� 6'� W� )E� �� �= �$ �'�,�  ))13(� �  4,*9
 �
 =�
 �R���,� 6'� W� �� )��t�9  �E� -�, B, E =�,�� Y���� )�$

 �� ��� N��]9 Y����)30( �,�� B, W��� ��G�, �,���! ��,*�$ �.  
��9 �,�� ��	_� )E��! �	��� G���� B, �����H=�� W�0 �H, 4c hB�, ^

 �� }*�� hB�, ^��9 �,�� �� )E�� �� B, ���
 �]'� �K�L�? M��9 �=
=*� �$,*[ �	��� G���� . G���� ��	
 ��/���	$= 4�<� �  ������ )
G?�+ M��9 �= �
 ����  ;� �= P�/ E ���� �	��� G���� Wu ����= �$
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 ��/  G?�+ B, yE�� �� ��	


s B, #! �
0
k  �� �G
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����� B, �=�&��, �� n*
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 K�*" �� ������= ���	
 6?�� �= �Wo�� B, y*� -�, ),�� �	��� G����
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)42 ( ����/� � � �zGz N 12 � =*[ )���� �zG      }�I� �I9 �I�/� ��I_�

� � ]1[1][ khkg n �� �II���� �II.�, ,�]15 .[ �II'�,�)43 (-�II	Z�$ 
� 4�<��?���= �
 �$=][kh �*X ��N2  4,*9 � ,� ��]9 }�� �� E
PII�*9N  =*II�� 4�II�� =,Bc ��,��II! .    }�II� 4=�II
 �/�II., �II� �II, 

regularity )�'�,�)25((  ),�I� -_� �,�� -����
 ��/ �� �M   �I	]�
1�$��,��! =,�]9 �� l$�
 �_� =,Bc )���� .  �I
 G�, ��� �=,= 4�<�

 ;�*)(x�      W�,�I+ �I	]� �=�,= ���*I� *I� �E��<H ;� W�,�+
��9� B, )�&"1  �=��   �H,��	9 E �H, =�,=430 �< ]15 .[

� i��, -�, �� ;�*  �+,�X 4,*9)(x�    ���I�H �I�12 �N  ,�
 ����*�1�N =,= M���, ��,��! .   )B�I� )��,��I! hE� -�, B, �=�&��,

�=�� E KR*�� =,�]9 l$�
 �� ��	     �I �I+,�X �I	�c�/ 4�I� �I9-

==�H .�����c B, q*([ ��   �I����9 WI+ ),�,= ����� =�* �?�� �

E� �� E G���h�	��� )�$� W+ )B��    KR*I�� =,�I]9 l$�I
 �=*�

=�,= �?�� W+ �= ��,��� ��t�9.  
 

�!"#	 1�& �	 _&	* *�7"� <'�*^ C""G( � �2�*3 : 4��$
 �� �)=��	<�! hE� �= ��� �=,= ��� lO� -�, ),���, �= �
 �*X

 ���! ����=B ���*H �� Y�=�H ���] �
 ),; 
 �'�,� �= �)41 ( �=,=
W�,�+ ���==�H .����c B, P�*9 G�, ;�* ���! ;� ���! -�, �
 �

 ����/][kh � N�"*9 W�
 �*'�==�H . ��	��� ���! -�, -�/�� ,r?
-�/�� �=�]][kh   G�, 4c ���	� . ����/ �	]�][kh  �� ������*H ),

 ���! �
 =*� x�O��,B  ���] 4c �� ���	�; ����� W�,�+ ,� . ),��
 P�,E� �= ��� �=,= }E�� )�,���� B, 4�	��X, �*(+)23 ( �9)25 ( B,

 6�,�. )B�� )��,��!][kh   �=�&��, �� ����� W�� lO� �= �

�==�H .�� 6�9�9 -�, �� -�/�� �� W���9 �-�] P�,�� �� �	��� ����/ -�/

  
2  Perfect Reconstruction Quadrature Mirror Filter(PR QFM) 
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)�$��,��!< � G�=E�� 4E��==�H . �� �	��� ;�* �+,�X ),��
 bO< �*XL���] �; � ���*�B�� -�	A ,�Y�	
:  

2

,}{min
pB

f
i<

;    )47                                 (                    

�
i<)�$��,��! 4��$ �$< �'�,� �=)46 ( �"�	0 =,�]9 E �	��$
�0*��}{ i<  �*X ��L )�*X ;�* (=�,= �T��� .W�,�+ ),�� -

� ���] -�, )B��*�� �=�&��, �&��O )B�� �	��� )�$ hE� B, 4,*9= .
 W�,�+ -�/�� ),�� K�]�� -����
 hE� B, �?�� -�, �=;  �=�&��,

G�, ��� .4�	A �'�,� B, �
)40 (���G��
 �,�� ���cp  ���B �9
 �	��� �	�c�/ )E��� )�t, ����� ��� bO< �B�� �= �
)B��  �$,*O�

G�,= .�
 G��	] 4,�� -�, W�,�+ �'�,� )�$)47 ( �� ����,Ep �	���� .
 �*X �� )����/ ),�� )=*�� K�*" �� 6�' -�,4  E3  N��O �,��

p  N�X )B�� �	��� ),�� ECs 137 G�, ��� �=,= 4�<�.   

  
 W_�4  : �	��� ���] �	�	 �,=*��; N��O �,�� ��  ),��p  

  
6-  &� �	 ,�!D"� $Z�� 0'

      �'I� E ��*I� �	���I! �'I� 4�I� J�� K�*" �� ��*� �� ��	T�� G���
=*� � N��]9 ��	T�� ���, . ��*� �� ��	T�� G��� ������T? N��]9

�*�/ K�*" ��)48 (���� � . 

 )(log20)(log10 1010
noise

signal

noise

signal

A
A

P
P

SNR   )48(              

 �
P  E ��	T�� 4,*9 P�*� ��	����A �	,= ��	����(rms ) G�, .  
    

7- )��� �"Z? `'���  
  

,�!D"���������� )�/ :   �hE� -I�, =�I_��0 �T�*TA ����� ),��
      ��I� �I���� =�,����I�, ��	T�I� �I�*�� �	A )E��� ,� 4c =�_��0 ,���,

G�,  .��	T��   ��	T�I� �=�&�I�, =�*I )�$  )�I$Doppler �Bumps E �
Polynomial Piecewise  EHeaviSine �	�II�$ .   -II�, B, M,�II
 �II$

����	T�HF�E ),�,= ��� x�O��, )�$ ��E E �	��$ 4�B �� ���5� )�$
��	T�� hB,=�! �= )=��B ���<9 ���,= �]�,E )�$]2 .[    �*IX ),�I� ,�I��,

bO< ����/ L  ��	T�I� B, ;I� �$ ),�� �	��� �_�* R�� hE� �� �  �I$
� �+,�X==�H .  �I �I���� ��*� �� ��	T�� G��� =*��� 4,�� #s�-

==�H.  ��	T�I� -�, �)=��	<�! hE� )�9�� 4=,= 4�<� E ����� ),��  �I$
  ��*I� �I�� =�,�����, ;�* ;� ����*�  ��I� �I�,=B �I�, . ���I��c B,   �I


;�* �=,*��[ )�$Daubechies      -���I<�� �-�I] �I���/ �*X ),B, ��
��*� G����� -���<�� ),�,= ,r? ��	��$ ,�,= ,� ���*� *� �E��<H =,�]9-

��,=B        �I� �=,*��I[ -I�, GI�� -�I�$ �I� E �	��$ bO< �*X ),B, ��
G�, ��� x�O��, J���� ����� ),�� �]�� 4,*	0 . ��	T�I�   =�*I )�I$

 W_� �= �����5 ��� �=,= 4�<���, .   
  

  
N?,  

  
x 

  
7  

  
=  

 W_�5  :)�$ ��	T�� ;�* �+,�X hE� =�_��0 G�&�
 ����� ),�� �<��Bc   
N?, (Doppler   x( Bumps  7 (HeaviSine   = (Piecewise Polynomil  

�	��� �'�,� �
 G�, �
� 4���� )B��)47 (i��� ),�� ���� �
 ���$
��*�� M���, ���c �= ��,=B=*� �=�&��, =��H .i��� -�, y*� �� �$

=�,= �T��� 4c 4=*� �,*�$ 4,�� E ��	T�� .��	T�� ),�� �
 ���$
�&?*�
�/ )�$� ���,�� )=��B )R�� #�i��� 4,*9;A*
 ,� �$ �9

=*�� x�O��, .��	T�� ),�� ����� �= E ���,= ^��� K,���59 �
 ���$
i��� �= )B�� �	��� W�0 ��	��$ R�� #��
�/ K�0%X, )E�+ )�$

� M���, �9R��=��H . �hE� -�, =�_��0 �T�*TA B, �?�u �o,�, ),��
 ��,�� ����/ �*X6 � =,Bc ��,��! E= �� ��	 �
 ��� ��/�H �L� �= -

==�H . �=,*��[ B, 4c =�,�����, �*X Y$ ;�*Daubechies  ;�*
db3 =*� �$,*[ . )�$ ��,��!1<  E2<  ���] �,�� �,��$ ��;  ),��
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 ;�* Daubechies )3db; ( ��� �+,�X �	��� ;�* E
)optimal; ( �E�� �=1 ��� �=,= l������,.  

  
 �E��1 : �	��� )�$��,��! ��=��

1<  E
2<  � �*X ),B, �� ���� =�* )�$ ��	T�� ),�

����/ 6 .  

3db;  optimal; 
�	��� ��,��! 

)(2 rad< 
�	��� ��,��! 

)(1 rad< 
 )�$ ��	T��

=�,�����,  
8419/45  1226/36  6868/1  2058/1  Doppler 
3673/11  8411/10  9525/2  0525/1  Bumps  
6392/22 0583/15  0831/3 2424/1 HeaviSine 
3694/18  4088/8  5704/1  5415/1  Piecewise 

Polynomial 
  

W_� �= 6  =�_��0 �� )=��	<�! hE� �� ��� �+,�X ;�* =�_��0
 ;�*Daubechies G�, ��� ����� .  

 
N?,  

 
x  

 
�  

    
K  

 W_�6 : ��� �+,�X �	��� ;�* ����*� ��*� �� ��	T�� G��� =*��� 4,�� ����� �,=*��
 =�,�����, ;�* Edb3 �� ��,=B ��*� hE�Visu N?, =�,�����, )�$ ��	T�� ),�� (

 ��	T�� ),�� ��*� �� ��	T�� G��� =*��� 4,�� ����� �,=*��Doppler  �*'� �=
x ��*� N��O ( ��	T�� ),�� ��*� �� ��	T�� G��� =*��� 4,�� �,=*��Bumps  �=

� ��*� N��O �*'� (��*� �� ��	T�� G��� =*��� 4,�� �,=*��  ��	T�� ),��
Heavisine K ��*� N��O �*'� �= ( ),�� ��*� �� ��	T�� G��� =*��� 4,�� �,=*��

 ��	T��Piecewise Polynomial  ��*� N��O �*'� �=  

 
 W_� �= ;�* E= =�_��0 ����� Y���*T?,7 ��� �=,= l���� G�,.  

  
 

                W_�7 : ��	T�� G��� =*��� ����� K��A*�/��*� ��  
  

4"3 )6*��5&(0'�&'���)�/ )60Co  �137Cs :( ���< ��
 �*��
G�, W�� lO� . �*X ),�� ,���, �	]�L� �+,�X �	��� ;�* �  =*�

�*9E��, *�=,� )d��, N�X ��*� �� ��	T�� G��� =*��� 4,�� #s� E -
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 ��H *9�! ��	���H )�$)60Co � 137Cs ( E )=��	<�! hE� ����*�
, ;�* =�,�����)db3 (� �������=�H .���] E �$��,��! ��=��; 

�	��� ),��i��� �= )B�� )�$6 �7 �8 �9  ��� �=,= l���� �E�� �=
G�,.  

 �E��2 : N�X ),�� �	��� ��,��! �,��  ����/ �*X ),B, �� ����� =�*6.  

3db;  optimal;  
�	��� ��,��! 

)(2 rad< 
�	��� ��,��! 

)(1 rad< 
 N�X

��H *9�!  
610980  444200  0237/34622/0 60Co 

29327040  21321600  6854/1      1859/1  137Cs 

 W_�8 ��*�� 4,*	0 ���HF�E �� 6��	� ��� �+,�X �	��� ����/ B, ), -

 N�X )�$60Co )�	�c����/ 6�,�. �	��� ;�* �� }*�� ���9���A ),
 ��� �+,�X (=�,�����, ;�* �� }*�� ����/ 6�,�. �� �,��$  db3  

G�, ��� �=,= l���� .  

N?,  

x  

7  

=  
 W_�8  :�	�c ����/ 6�,�.=�,�����, ;�* E ��� �+,�X ;�* ���9���A ), db3  

�� l� ����/ �*X ),B, �� N�X ),60Co  N?, (����9 �rHR�� ����/ 6�,�.  x ( 6�,�.
7 ����9 �rH -���! ����/ (= )B��B�� �rHR�� ����/ 6�,�. ( �rH -���! ����/ 6�,�.

)B��B��  

  
W_� �= )�$9  E10  �� ),�� ��� �+,�X �	��� )�$ ;�* 6�9�9

�*9E��,*�=,� N�X��H*9�! ��	���H )�$  Y���137 )137Cs( 
E G?��
60 )60Co ( E�*X Y$ =�,�����, ;�*  �*X ),B, �� ���c6  l����

G�, ��� �=,=.  

  
 �9?9  : 4"3 )�*	 ��? �2�*3 1�&137Cs  1�& �

�? *�7"� ,&3 )�*	 ���������)L=6(  
  

  
 W_�10 :E ��� �+,�X ;�* l�����/ �*X ),�� =�,�����, ;�* E(L=6)  
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W_� �= )�$13-11    �� 4,�I� �I��       ���I�*� ��*I� �I� ��	T�I� G�I�� =*I�
��� ����� Y$ �� =�,�����, ;�* E ��� �+,�X ;�*��,.  

  

 
 W_�11  : �+,�X �	��� ;�* ����*� ��*� �� ��	T�� G��� =*��� 4,�� ����� �,=*��

 =�,�����, ;�* E ���db3  ��,=B ��*� hE� ��Visu  ��H *9�! N�X ),��)60Co (
 N��O �*'� �=��*�  

 
 W_�12 : E ��� �+,�X �	��� ;�* ����*� ��*� �� ��	T�� G��� l�,�/, 4,�� �,=*��

 =�,�����, ;�*db3  ��,=B ��*� hE� �� ��*� N��O �*'� �= Visu 

  

 
 W_�13  : �+,�X �	��� ;�* ����*� ��*� �� ��	T�� G��� =*��� 4,�� ����� �,=*��

 =�,�����, ;�* E ���db3 ��*� hE� �� ��,=BVisu  ��H *9�! N�X ),��)137Cs (
��*� N��O �*'� �=  

 
 W_�14 : E ��� �+,�X �	��� ;�* ����*���*� �� ��	T�� G��� l�,�/, 4,�� �,=*��

 =�,�����, ;�*db3 ��,=B ��*� hE� �� ��*� N��O �*'� �=Visu 
  

 W_� �=15  E16 �*9E��, *�=,� )d��, N�X)�$  ��H *9�! ��	���H
)60Co E 137Cs (G�, ��� �=,= l����.  

   
 

 W_�15  : �*9E��, *�=,� )d��, N�X60Co 

  

  
 W_�16  : �*9E��, *�=,� )d��, N�X137Cs  

 
 W_�17   ��� ��,=B��*� E )��*� N�X B, ��*�� ;�60Co  E137Cs  ��

)B�� �	��� hE� B, �=�&��, ��� =��	<�! )�	��� ;�* ���0,  �+,�X
)��*� N�X B, ��*� l$�
 G�� ��� (� l���� ,��$=. 
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�  
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K  

 W_�17 :N�X��*� E )��*� ���", )�$�	��� ;�* ����*� ��� ��,=B .N?, ( N�X
 )��*�60Co x (��*� E ��", N�X ��� ��,=B60Co � ( )��*� N�X137Cs x ( N�X

��*� E ��", ��� ��,=B137Cs  
  

7- )*"+ �-"��
   =�*I ��	T�I� �� 6��	� �	��� ;�* �+,�X ),�� ��E� �?�� -�, �=

 �I�=�H �o,�, hB,=�! .        =�I��, ;I�* 4=*I� �I	��� ),�I� ���IO��, ��I�]
      GI�, ��I� x�IO��, ;I�* �I��! �= ��	T�I� �'[��\ 6���9 -����� .
  �	T�I� G�I�� =*��� 4,�� -���<�� �� ��	 ���] -�, �
 �� �=,= 4�<� �

� ��*� ��==�H .��	T�� )E� �� )B�� ���� J����    �I�� E =�,����I�, )�I$
N�X )�$60Co E 137Cs l	_�$�� �����	� �
   �= �I��c �= 6I?�\ )�$

�=E�����$ �_��! �= �(�O<9 )�$ )d��, )4�<� G�, Y� ),  �IH
hE� �� )=��	<�! hE� )�9��G�, =�,�����, )�$ .  

 �� ��*9 ��G��� J���� lO� B, ��c7  � �L+% NI�X ),�� �
 =*�  
60Co ,  )=��	<�! hE� B1/0  W� ��=)5/1 �"�=    �I� ��	T�I� l�,�/,

��*�  ( �919/1 W� ��=)5/11 ��*� �� ��	T�� l�,�/,�"�=(  E137Cs  ,B 
21/0 W� ��=)7/1l�,�/, �"�= G��� ��*� �� ��	T�� ( �92/1 ��=  WI�

)15 l�,�/,�"�= G�����	T�� ��*� ��(   =�,����I�, ;�* B, ����db3 
� W�0�	
 .-�, �= -�,���	� �?�� ;�*)�$ �	���),  NI�X ),��  )�I$

60Co E 137Cs   G�� �����	�l	_�$��   6I?�\ )�I$ �=  �I��c  �I+,�X
�II� . NII�X ),�II� �II	��� )�II$ ;II�* �II+,�X -�,���II	� NII��O )�II$

�*9E��,*�=,� ��,*9 � ��H *9�! ��	���H )�$    =*I��� GI�� )��I_$,�
l	_�$�� �����	����� ���c K�(O< ;�_&9 E 6?�\ )�$  . 
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Abstract: In this paper based on synchronizing the chaotic system with the stored data by a PI 
synchronizer, a simple and efficient technique is presented to decrease settling time in the delayed 
feedback chaos control method. Some advantages of the presented technique are described and 
numerical simulations for the Rössler system with and without uncertain parameters are presented. 
 
Keywords: Delayed feedback chaos control, Settling time, synchronization, UPO reconstruction, 
Rössler system. 
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Abstract: Robots have different applications and using various precision tools is considered among features of 
such robots. Thus combination of robot data is of considerable importance in planning robots since optimal 
performance of robots ensures when a great volume of data received by different sensors of robot can be used 
best and can be combined by a suitable manner to achieve the best result. By a brief study of different methods 
of data combination and their quality and quantity comparison, this article deals with ordinary weighting 
averaging method on mine detector robot and describes the practical assimilated results. A unique method is 
used to determine weight coefficient of sensors and weight coefficients are considered floating in executive 
stage for the purpose of optimal performance. Weight coefficients change based on robot state and data 
obtained by sensors. Practical applications of this method are finally described. 
 
Keywords: data fusion, mine detector robot, ordinary weighting averaging.  
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6�
�9�K�0%X,��=��;�9�����=�&��,�B,�4c��=�W�_<9��E�����5�,1 E� �I���

�=�&��,��=�6�
�9��*��=5 �	��� �]2[.��=�W����W�0��G�,�$�W�0�6��]9�

M���,6 ,����4,*9�4,*	0�=�
��E%0 �
�����=�&��,��=�Y�0�;�9���� �I_��B,�
4�
�,���",��=�^��	"���L������ �. ���4,*	0���u���B, 4,*9�[3]�M����=���

�
��=�4c�����=�&��,�B,�C'	�)B�/��=�6�
�9��K�0%X,��,����+� �Io,�,��=,=�

�����
 G�,���<
�)�$�N��O�,��4,*����=�)���c�=,Bc�6��]9�E������	��

=�
. =��M*�0�)�,=�� �<���E�-�B����	��B,�6�
�9��K�0%X,��=� �����I�=�

���)��E�(9�x*�'�)���_0 B,����9�����B,���,*$��)�$� NI��O� �=�&�I�,�

�=*� ���9�4,*����=E���CX�	��&��O�B,������G�=���$� �=�I�� ��I$� �I��=�

��$��$ WT	��E�CX�	���*_��Wu��$����,�������*[�B,� �T��I_�� ;I�_&9�

=*��.�

=�,* ����� �0*	� =*�E =�,= �
 B, 6�
�9 K�0%X, �=�&��, ��� G�,� 
B, ���� � 4,*9 �� =����
 ���L�  6I�
�9  K�I0%X, �=  G[�	I�B��  �*IT?, 

hB,=�! ��E�(9 ��_��! �;�9��*&�,*�� G���	�, E K���9 �;��E��_?, E 
=����
 �= Y���� )�$ W�+ E W�� �	��*$ ����, =�
.  �, �= hE� 4�� -

)��H -�T��� 69�  �,�I�BE  )OWA(   4,*I	]�   ;I�  hE�   �	�I�*$  �=  
K�0%X, 6�
�9    ��I� ��[�	I�[4]        ���I� �I� �I���� �= �H=�I� -�I. �I


     =�,= ), �FI�E E q�I[ )�I$ GI����� �	�I�*$ )���E�.     ;I� 4,*I	]� K�I��
 4�� -�, �= �
 =�,= ��,E,�/ )�$=����
 ��� �	��*$ Y����K���  -�I  x�I� 

     4,*I9 �I �I
 �I��� � ����	 l��Bc ���� =�]� )�$�T�+ =*�E W�?��
     ,�I�, 4c )E� �I� ,� �I$ �=,=  6I�
�9 �	��*$ E ;��%
 N��O )���E�

=*��.  hE� -��$ -�, B, l�!)��H -�T��� 69� �,��BE    6I��]9 K�I�� �=
G�, ��� ��/�H ��_� ���X�	5 E �=�� P[ [18].  

  

2- 
�fg3� <".*(   
�� W�R= �N��O �= )�����H �B,��, M���, ���  PI�*9  )�$�TI�+  ;I� 

�Y���� )�,�� M�0 G�]'�7 =*�E =�,= E �= ^�,E � 4,*9 G&H  J��I�� 

�B,��, �$ )��H �	��O9 B, G��
 )�$ ��", � ����. ��  i�I�,  NI��]9 

 �Io,�,  ��I� �=]5[  6I�
�9  K�I0%X,  K��I�0  GI�, B,  6I�
�9  4�I,*98 
r[, K�0%X, ��� ^��	 B, N��O �� )*��  �I
  �I����  �WI"�+  ̂ �I� E 

^�� �=*� E  WI���  �=�&�I�,  ),�I�  M�I��,  ), �I&��E B,  l�I!  -�I�]9  ��I�  �I� 

K�*" ���O=*[ ����. K�0%X, G�9 �6�
�9 -_� G�,  B, 4�I��$ 

-��	A ^�	 N��O W"�+ ��� �	��� E �� B, ;� ^�	 �=  ̂ X�I�  ���IB 

�N��O )�Ec=�H ��� ���	�. ���
�9 B, �$ E= G?�+ ��� � ��,*9 M���, 

�=*� �	]� -_�  GI�, �=  �), �I�+�  K�I0%X,   ���I� rI[, B, E=  ̂ I�	 

N��O �= E= 4�B N��O �� Y$ 6�
�9 ��*� E �*(�  -I�,  �6I�
�9 

  
    1 - Occupancy Grid 
    5 - Command Fusion 
    6 - Object Tracking 
    7 - Uncertainty 
    8 - Synergistic 

�= ��T�= ), ��+� �� K�0%X, ;� ��B �0*�� �T�= B, Y���� 6�
�9 

=*�.  
2-1- 
�fg3� <".*( �*J  

Y��-��9�G���6�
�9�K�0%X,��=� YI
� 4=�I
� 4,�I�� M�I0� GI�]'��

�,G. -�,�P�*9 �,��*�&����4,*	0��T�E�/,9� K�I0%X,� �I���  �I��� �I .
,�9�0%X��
�B,��	A�^�	����B,�^�	 ;���=��	A��L�?�N��O�^���)�Ec�

����6�\,�W����T�E�/,����	���.��T�E�/,����)�	]�����*s�$ =*�E��=�
�0%X,K�G�,. 6�
�9��9�0%X,��
�),�,=�����*s�$��	��$�6���=*� ��

�
� ),�,= ��I����� GI�]'��E� GI������ =�I��0,10  )��I<��� �I���.  GI��� �IT�=�

�=�&��,�B,�hE��)�$�6�
�9�K�0%X,��=�W��_9�G�, 4��.��=�)������B,�
^��	 �=�,*��N��O��$�;�� �IHF�E� �I"�[�B,�)=E�E�,�� b�OI<9� �I�

�	$=�E�R*�]���$��]�	� �I�$ ��,*9 ���� )�I��HF�E� =*I�*�,�� b�OI<9�

�$=.����)��H��
�6�
�9��K�0%X,�6�*�W��_9�^��	 K�0%X,�N��O�

E�������=���� K�I0%X,� �]�I��B,� y*I.*� �I� =*I�.  �=�&�I�,�B,� )��I�E��

6�
�9�K�0%X,�)��,���T�=�����=�,=��
�B,�4c�-�����4,*9� �I�� ̂ ��I�9� �=
hB,=�!�E�)=�(��,�4=*������,�=�
�G0���hB,=�!�K�0%X,� �I	A� �^I�	�

�
�4���$�K�0%X,�,� =*[�����T�B,=�!����	$=��9�c� �I���,�� �I�� �T��I_��

6�
�9���	
�G�������G?�+� =*I�E� ;I�� �^I�	�  GI/���= GI��� K�I0%X,�

l�,�/,�������.��=�^�,E�6�
�9��K�0%X,�6�*� CI��9� �0*I�� hB,=�I!�

)B,*�Y���� �=�� =*���
�-�,��,������*��=*[�6�*�^���9��=�hB,=�!�

�$,*[�=*�.�-�	Z�$����G/���= G�0� K�I0%X,�B,� ̂ ��I	� �NI��O� 6I�
�9�

�$ �=,=�����T��_��E��
����4������K�0%X,�  ���/�I��= �I�&� �I� 4,*I9�B,�
^��	�4,B�,�)�9��=�Y������=�&��,�=�
�E��T�=� ���I��+,� �I�� n�I"� �I	��$�

)�$�),�� R����=�&��,�B,��T�+�)�$�C��=���������.�

  G���� �=   GI�, K��I�0 K�0%X, 6�
�9 ���*9 G�� B��� W�?= ���A
B, :K�II0%X, �IIT�E�/,� �II$ �=,= 4�II� WII��_9� �II$ �=,= GII�= E ��II��=  E

K�0%X, �	��$ l$�
.  
2-2- 
�fg3� <".*( 47�� h&H�  

 4,*9 �,  K�0%X, 6�
�9 N��O �*'� B, ), �=�� )�	� Y���9�o,�  =�

[6]� )�	� Y���9  -�, �=� K�0%X, 6�
�9 ��,*��  -���! �'� �=) �TI�+  (

���� �'� )�HF�E (R�� �'� �= ��E ))��H Y��(9 (�$= ��.  6I�
�9 �= 

�'� �T�+ �� -�, �	] G�, �
 �= -�, �'� K�0%X, M�[ E  hB,=�I! 

��<� �
 ), B, �$�T�+ �� G�= �c� ,�� �� �T��_�  6I�
�9  �I  ��*I�. 
)���E� ���
�9 �
 W��  K�I0%X, �	�� l�!   ��*I� �I�  ��9�I�0 �=  -I�, 

�'� B, 6�
�9 �� ��
 � ��E�. �= �'� �)�]�  �I	]�  6I�
�9  �'I� �= 

��HF�E )���HF�E 7,�O��, ��� B, K�0%X, ���+  �I�  �T��I_�  6I�
�9 

� ��*� .6�
�9 )���E� �= -�, ��'� ��*�0 )���E� �	�� �� K���
�9 

E K%���9 ���	$ E 6�
�9  G�I��   ���I	� )�I$  �I�  ;I�  �IHF�E  q�I[ 

�	��$. �= -��9R�� ��'� 6�
�9 �= �'� =��� K�*"  =�I�H �. �=   -I�,

  
    9 - Redundancy 
    10 - Reliability 



                                          hE� )��H��_��,��BE 69� )��H -�T���(OWA))�$ �=,= 6�
�9 �= K��� x�� -�                                                           ��  
��,�0, ���� ;��� �)��< =,��� �*>?=�� �.� ����
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��'� �Z�c �
 6�
�9 =*� � �0*� =���  �I�  Y��I(9  GI�,  �I
  #I! B, 

)��� hB,=�! E W���9 �� K�0%X, )E� )=E�E W"�+ ��� G�,.    

2-3- �� �/*D�2 )�!	 *9"8 
�fg3� <".*(  
  ��I� �o,�,  K�0%X, hB,=�! ) �_�� ;� �= �9�0%X, N��O ^��	 ^�B*9

G�, [7]�   �I��� � N��O ^��	 K�0%X, hB,=�! 6�9�9 ��	$= 4�<� �
, 
)�� K�*(� ��,*9 � �*
r ^�B*9� )B,*�   )B,*I )�� E  )�� )B,*

����.  

2-4- )�#?���47���<".*(�
�fg3�  
��9 ;� �=     �I
 =�,= =*I�E K�I0%X, 6I�
�9 ),�� ��
 hE� �� )�	� Y�

B, G�, K���0: ;��%
 )���E� -   �	�I�*$ )��I�E� -    M�I�?, )��I�E�
��� ��/�H B, N��O M*�0.  

  
�fg3� <".*(�� 1"�g. )�#?��  
K�0%X, 6�
�9�= ;��%
 )���E�    4�I_, �I���, ���L� E= B, �=�&��, ��

 G�, ��r! :�L�B, �=�&��,KR���+, �� - �=�&��, �$,*� ���L� B, [8,9].  

K�0%X, 6�
�9 �= �	��*$ )���E��

)B�/ hE� -   )�I�H -�T��I� hE�  6I9�  �,�I�BE-  hE�   )�I$ �_�I�
��(0  -����� B,K�0%X, 6�
�9 �= �	��*$ )���E� =*� � x*���

[10,11,12].  
 4���,��$�R*�]�������$�&���
E������,=��
���\�C��=��,G�E�-�,�M�0�

G�=�B,�)�$B��    =*I� �I �I��� Y�$�I& -�, N��]9 C��=��[13] . �I0*���

)B�/��=�G���+�4�����.����-�,� M�I0� GI�=�  K�*I" �I�� �I���]9�B,� �I��L��

�0*����$�������.��=����L���0*���)�$��)B�/����=�G�*|0��� ��,*9
)�,���-����&"�E�;������[,��	
�E����-�,�K�*"�����,*9��0M� GI�]'��

,������	
. �=�-�,�C'	��?���),����M���^���9�=*�E�=�,=� �I
��=� UI���

6�
�9�K�0%X,�������=�,= =����
�;���T��0�^���9�;����B��0*���B,�
����,�}*������;���0*���q�[�,�����)*|0�B,� �I0*�� 4c� G�I���  �I
�$=.���4�����.����;���T��0� ̂ I���9� �]��I9� GI�,� �I
� )=,�I]9�B,� =,�I0,�

����+�     �I$= �I G�I�� �IT�= �I���+ =�0 ;� �� ,�.  )�I$�T��0  ̂ I���9 

q,*[ �.��� E )���/� )=��B � �	�,*9 ���,= �	��� �
 -�, q,*[  ��E�?
�� �T��_� ��HB�� �	����. �= [14] -�,  q,*I[  �I�  �*IX  WI�
  ��I� �=,= 

��� ��,. B, nE�] )�$�T��0 -��9 ^���9  �I  4,*I9  )�I$�T�0  �,�IT��, 

)��H [5]� �	�� �,�T��, )B�/ *	H*�11[15]   )*I
*A )B�I/ �,�T��, E12  ,�
  �I�O�� YI$ �= )��H -�T��� W�0 �0*� �� E= �$ �
 =�� M��13    �I M�I��, ,�

�	$=.  

  
11 Sugeno 
12 Choquet 
13 Distorted Averaging 

�,= 4BE 69� )��H -�T��� �T��014 )OWA( B,  �I���  )�I$�T��0 

��' �= K���=, �0*�� )B�/ )�$ � ����. � 4,*9 G��t =�
  I
�  -I�, 

�T��0 �	�� ��?�+ q�[ B, �,�T��, )B�/    �I	
 �I WI�0 . �I_� B,  Wo�I� 

 YI� �=  �I	�B  Y��I(9  )�I�H�  6I�
�9  �I$���] E  W�_I<9  ̂ ��I9  Y��I(9 

G�,.[16] ;� B, �*� �$�H �=�Ec�� 4��  M�I�9  �I$���]  YI�  �=*I�� E B, 

)*� �T�= �=  �I[��  =�,*I  �I_	�,   �I_� W�,�I+ B, 4c  �I$  �=�Ec�I�  =*I� 

G��$, ,��! � �	
. -�, E=  ��I�  �I�  �=�&�I�, B,   )�I$�T��0AND E OR 
��=�H � �� ����] ^�,*9 6�
�9 ),�� .=�T��0 OWA  � M���, ^���9 y*�

��� �
� G?�+ E= 4�� �= �
 �$=�   4c 4,*I9 � E� -�, B, E =��H � �,��
 G�"�[ �� )�T��0 ,�AND-OR ����. -���O�  ��I�  �H�I�  -I�,  �IT��0 ,� 

�/�] =�
 E 4*	
�9 B, )*� =*[ E, E -���� �����  �I$=����
�)�T�= E 
�O�� )�$ )���� ),�� 4c� �o,�, ��� G�, [6].  

�0*	( ��(0 )�$ �_��15 �� Y���� )�$ ��(0 �����'9 ��������� 

GO� )�,�/, �� M�� �	��$ )�,�/, �
 �]� �  �I		
  =�I_��0  )����I��� 

��(0  �_�d*I?*�� ,�  �I���9  �I		
. B,  �I��c  �I
  �_�I�  )�I$  ��I(0 ),�,= 

����,*9 4���� ���*9 �= )��H=��  ��?�I E  �I$���/�  ��	�I�$ �=  )���I�� B, 

=����
 h*$ )�$ �0*	( �� ��
 ��/�H ��� ��, .�_�� ��(0 ;� W���9 

�'[��\ )E� K�0%X, )=E�E M���,  �I  �I$=  �I
  �I�	  �I�  ;I�  �,=�I� 

� ��E�[ =*�. -�	A �����9 � ��,*9 ���< ;�	_9 )�$ ��*[  )�I	�16 
����T� B, K�0%X, �� N��O )�$ ���= G�*$ ����. -�,���	�  �_�I�  )�I$ 

��(0 � �	�,*9 ),�� W���9 K�0%X, �	A �T�+ ��   M%I0, ;I�  ���I< 

�= =�* G�*$ ��� �=�&��, ��*�.  �I�  -�I�$  K�*I" B, 4c  �I$ �=  ����I
 

)�$= ;�9��� � ��� 4,*9 ;�
  GI/�H.  �I�  *I	04,  ��Iu �= [8] B,  ;I� 

�_�� ��(0 ��<HB�� ),�� 6�
�9 )=E�E K�0%X,  �I�  �I	��O9 B,  GI?�+ 

)�]� �=�&��, � =*� �
 n�$ 4c 6��]9 ;� K��� ���� ����   )B�I�
��� G�,.  

��� ��/�H M��?, )���E� N��O M*�0 B,�

 B, G�, K���0 K�0%X, 6�
�9 �= ��� ��/�H ��_� M*�0 :  

1- � G��B  M*�0���	   GI�, y*� E= �� =*[ �
: )    YI�0 E �I��	<�,E� YI�0
 ���	� 6(0( 2- ��[�	� M*�0  

 

3- E�' C" 
�	�  
=*�* K���,�H i��, ���    -I/= )�I$ -� S��? B, ���= �*<
 -�*� 4,��,

G�, ��� .�=  �*X8         �I� �?�I� 4,�I�, �I��0 �I� e,�I0 �I����9 �	� ���16 
 �= -� 4*���}��� )B�  x*	� E x�\   �I|]� �I
 G�, ��� ����
 �*<


CX�	 4=*� �*�]?, 6]" E �=��/, �E= G�]� ,     �I�$ E ��I�� ���I� ��<� �u	[
������ 4���L� E )=�0 M=� -�� B, ,� )=��B =,�/, �?�� �	_�. �u	[ E N<


  
14 Ordered Weighted Averaging 
15 Artificial Neural Networks(ANN) 
16 Clustering 



��                                                  hE� )��H��_��,��BE 69� )��H -�T���(OWA))�$ �=,= 6�
�9 �= K��� x�� -�                                                             
��,�0, ���� ;��� �)��< =,��� �*>?=�� �.� ��� 
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-� )B�� G�, �	��$�! E ����'[ ����� ���0 �$. =�,= =*�E ��, -�,   �I

	�,*�� x�� -� )��9���    -�I �I	��$ E ���I��, K�&�9E �=*�� ^/� ,� �'[ -�, �

���� �$= l$�
 ,�.  

*�����  n,�$, B, 4,*�� ,� N��O )�$ -� y,*�, 4=�
 �u	[ E -�/��
G��,= x�� -� K��� ;�.  �����9 ;�9��� B, �[�� -�, 4=*� -�*� �� ��*9 ��

 ��� C�� -� -�/�� E *���� �	]� �E, n�$ E= G&H 4,*9 �   �I, GI�,
 -�, M���, �� �=�� �.�+ ��+ )�$ K��� �-� 4=�
 �u	[ �	]� M*� =�* �=

���� ��� =*�* )�$ -� N��O y,*�, =�* �= Y$ 4c ��
.�
3-1- i&�� E�' C" 
�	�  

     ��I+ )�I$ K�I�� -��I9 W�
 B, �_� 4,*9 � ,� i*�E x�� -� K���
G��,= �.�+� ,=�! ;� B, )��H ���� �� K��� -�,  �I� �=�� G0�� �! ) ���B

   -�I b�OI<9 Y���� ;� B, K��� -�, �= G�, 4c N<
 E -� )*����
 )��/ B, �_���%! )�$ -� ;�_&9 E *���� C�0 �
 ��� �=�&��, ��/�<�!

G�, -� b�O<9 Y���� -�, )R�� )�$ G����� E�� . B, ^�,* b�O<9 ),��
        K*" e*/ � )�$ �Ed�)ultra sonic( 
  ) ��I		
 G�,�$ Y���� �� �

G�, ��� �=�&��, =�,= }��9�, )�
�.  
       �o�I+ ���I�� �,*I�$ �I� CX�I	 �= GI
�+ S��? �� K��� -�, �_���_ lO�
        �	I� �I�
�+ M����I_ �I� �_��I9 Y�I��� B, �*IL	 -�, ),�� ,r? =*� G��$,
       i*I�E x�I� -�I K�I�� �= M����I_ -I�, B, �=�&��, S��? �� �
 �� �=�&��,

�,G�, �=*� ^��� E ���� �,�.  
  
  
  

  
  
 

 W_�1- i*�E K��� ����� )��� )�
� G�,�$ Y����  
  

  GI�?�]/ E ��[,=�! *���� �� �	��*$ %�
 K�*" �� K��� -�, �
 ���c B,
 G0�� 4=�� �9R�� �A �$ G�� ,r? =*� =��B ����� lO� -�, G��$, �	
 �

 I[ )�$ ��		
 ���	
 ��� ���� W�� B, lO� -�, �=,*��atmel    E�I_� �I	]�
 )�$ �?��	
AVR       4,*I9 �I ��I(�[, �I� ,� lIO� -�, ) �&��E �� �=�&��,

=�II
 4�II�� -�II	A;� �II$�*9* �II��� B, ����II� )��II<O� ) �II��
 �II� }�II�9�,� 
�$�*�	�� E -� b�O<9 Y����...� �'�� )�$ �=,= G/���=�  �=,= hB,=�!

�$�        �I" E hB,=�I! J��I�� i�I�, �I� )�I�H Y��I(9    Y�I��� ),�I� 4�I�/ �E
�$ lO� ���� �� �,�<$ Y���� �� ���.  

 ����� W_9E�! C��X B, )�
� ���$ �� ����� )��<O� }��9�,usart   �,�I���
 G�, �X��9�, W_9E�! -�, ���� G�� ���
�,�/, GO� B, �=�&��, =*� �

 =E�I� )�|/ �� ��*9 �� �HF�E -�, �
�       B, �I ),�I� K�I�� �I��� WI[,= �=
$,G�, �,=�*[�� ), �=�]?, e*/ G��.  

  
  
  

  

  

 W_�2- K��� x�� ��/ �,���� i*�E K��� B, ����� -� b�O<9 Y����  

  
 G�, Y� G��� E= B, W_<� lO� -�,1-  �=,= G/���= ),�� x����/ �,�

 �$2-  �$ �=,= W���9 G�� ���B,=�!  
A – E�' 07� ���:  

 �
 �$ �
 =*�* )�$ x�� ��/ 4�� B,   WI�0 �I"�[ )d*?*	_9 i��, �� M,
�	
 ��    x�I���/ �,�IIB         =*I� )��I<�� )�I$ GI�� ),�,= �I ),�I� �I
 ,�

Y�=�
 �=�&��, 4c B, G[�� �= E �� x�O��,.  
  
  
  
  

  
  

 W_�3- K��� x�� ��/ �,���� i*�E K��� B, ����� 

  
B  - �/ ���� ����*8:  

! lO� P�*9 x����/ �,� B, ��c G��� M�[ )�$ �=,=   E GI/���= ��I�B,=�
=*� � hB,=�!.       �I� E 4c �B,�I�, E y*I� �-�I b�OI<9 W�� hB,=�! -�,

���� � 4c ^/= E ��*� b�O<9 K,B,*.  ���	
 ��� ;� B, �*L	 -�, ),��
   �I_� �I� ,� Y���� -�, G���� �= �
 ��� �=�&��, 4c ����� K,�,� E ��		


� -� b�O<9 =*�* )�$ Y���� -��9 W�
 B,G�, �=�
 ��.  
 V��& j"�B( � `!� �7k�� A��"�  

       4�I��, GI?�[= 4E�I� E ��I
=*[ %�I
 K�*I" �� K��� -�, �
 �����c B,
�	
 � G�?�]/�       E GI
�+ ),�I� ��I", ) �IBR 4*I,��! P�� B, �$�Hc

G�, *����.  ��"�/ )��H �B,��, -�	Z�$ E 4*,��! ^�,* b�O<9 ),�� ,r?
 =*�* ^�,* �9 K���   ��I
 �*I", ���� �=�&��, K*" e*/ � )�$ �*�	� B,

    GI<H�� E GI/� 4�IB )��H �B,��, E K*" x�9B�� i��, �� �$ �*�	� -�,
G�, ��"�/ )��H �B,��, ����� �= E K*"�   �$�*I�	� -�, =�� �u
,�+4   �I�

 4c W�,�+ E4       �I_���/ GI?�+ �I��59 �I� e*I/ ��=�� ���?, �
 G�, �� �����
�H E ��	���/G�, ���59 W��� ����.  

  �I��c B, �_� �
 =�� � ���� ;��*�,��?c �Ed� E= B, i*�E x�� -� K���
    �Ed�I E �I	
 �I W�0 ������= K�*" �� =�,= �,�� K��� -���! G��� �=
 �I	
 � W�0 �*?��c K�*" �� =�,= �,�� K��� )R�� G��� �= �
 )�]�. 



                                          hE� )��H��_��,��BE 69� )��H -�T���(OWA))�$ �=,= 6�
�9 �= K��� x�� -�                                                           ��  
��,�0, ���� ;��� �)��< =,��� �*>?=�� �.� ����
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 G�= �� ,� ^�� �9 ��"�/ �*?��c G���1 � �u
,�+ ��"�/ �9 E �� ����4  ��
    ��,*I�= �I� K�I�� =�*[�� B, )��H*�� G�� ������= G��� E �$= � � ��
    GI��� b�OI<9 WI��� �*?��c �*�	� �� �
 ;A*
 )�$ ^�� -�	Z�$ E �$

G�, ��� ���]9.  
  
  
  
  
  

  
  

W_�4- i*�E K��� ^�,* b�O<9 E J	� ��"�/ �,� B, ������

  
E= B, �=�&��, W
 �=    E K�I�� =�I_��0 =*��� �= K*" e*/ � �*�	� G&�

 ��t�9 P�� �= =*�* ^�,* �� =�*[�� G�� �� K��� G�	, 6��. 4=�� R��
=�,= ��,���.  

K��� ��
�+ M����_ E ��� Y����  

  GI�?�]/ P�� �� ��*9 �� �	� G
�+ M����_ �� ����, ��� %�� �
 �*'���$
E��� ),�� G�, ��� ���]9 K���    )�I$�*9* B, K�I�� �I
�� )DC   �=�&�I�,

 �$�*9* K��� 4=�� R�� ),�� �
 ��� ,  �= E ���I� ��/�H ��_� �$ #_���H
�$�*9* ��(9, W
�      WI��� WI�
 Y�I��� ;I� �$ �	� G���� �= E #_���H

G�, �=,= W�_<9 ,� n�']�, .  )�I$ �*�����,�9 B, �$ �*9* �*�,�=TIP   ��I��
 B, �=�&��, �
 =�� � ���	
 G����� �$ �	��$ 4=�Ec -���! �� �E%0 �*�����,�9
hE� P�*9 G0�� PWM�	_� ��r! 4�_, ���,�.[17] 

3-2- 
�	� )0'� ���*	 �&l�  
 �= -� )=��B =,�]9 N<
 G�, G��$, �o�+ K��� )��� ����� �= �
 �Z�c

 ���� � 4�B W�,�+ ,)^�,* �� K��� =�*[�� 4E�� ( �/�] Y���� �� �9 ���
    =�I_��0 �I9 =��rI! K�*" ���� �9,���59 �, Y�, ��� Wo�� n�$ -�, �� )�+

 ==�IH �%", .          ;I�	_9 B, �=�&�I�, =*I� �I ��$�I< �HB�I9 �I� �I
 �IZ�c
     ���I� �I� G�I�� ,� K�I�� =�_��0 �
 G�, ^�� b�O<9 �= ��*(9 hB,=�!

   �I<O� �I =*I��� ^�� b�O<9 )�$�*�	��     �,�I� �= �=�,E ��_I�, �I?E E
����� hB,=�! �L�? �$ �= ���� K��� �
 G�, �9�0%X, Y�+. 

         -I�, =�I]�, l�,�I/, �I
 GI�, -�I b�OI<9 �*I�	� �= ���59 �T�= y*.*
       4,�I	A �I
 =�,= �����I� ,� K�I�� =�I]�, l�,�I/, E W�0 G�= l$�
 �*�	�
  ^I�,* �� =�*[�� W_< K��� =�]�, l�,�/, �
 ,�A ���� ��� ��'	 E ���0

=���, ,� �	
 ��  ��_A*
 �*�	� -��	A �=�&��, )=��	<�! W+ �,� ����� �=
 ������ ,� ������� ��,*9 � �
 ���� � ���� �*�	� ;� B, �=�&��, )���

���� ���,= .���� 4c B,:  

-      P�I� �I� 6I��	� ,� �$�*I�	� G�]�* 4,*9 � K��� =�]�, �= ���59 4E��
=*�� Y�L	9 ��� )�,rH -�.  

- G�]�* =�
 -��]9 )��<�� G�= �� 4,*9 � ,� -�. 

-    �I K�*I" ��]��� K�0%X, hB,=�! ��*(9 hB,=�! hE� �� ����� �=
=��H. 

-   ��t�I9 G�9 K��� =�_��0 �
 =�
 )��� ����� ), ��*T� ,� K��� 4,*9 �
=��H �,�� ��� ,��! -� -��[c�  Y���� B, �o�� P�� �T�= K���]�) �����

 �I_��0 )��� K�I�� )= (  �I� �I$,*[.       h*I$ �%'I", P�I� �I� �I�	�, �=
 h*$ K��� =�_��0 �� E ;�9���,)�L/�+ (Y��*H ;��	�=.    �I���� ^I�,E �=

�� K��� =�_��0 )���  h*$ E �_��	�= h*$ -�� 4,*�� �
 G�, ), ��*H
G[�� �,���� ��'	 E ���B W�]9 ;� �_�9���,.  

 

4-   )��#!B"8 ����
 �� B, �=�&��,G/�H �,�� K,���59 ��", �*� ��! Y�� ;� )��� ��! Y��� 

      )�$�*I�	� B, WI"�+ K�I0%X, �I0*�� B, �=�&�I�, �*�� =*�* ���� �,
      n,�I$, �I9 GI�, K�I�� �I� MBR ��
�+ -�,�/ =���, �= �9*" E ���X�	5

   =*I� ��I��= ��*IO� �L� =�* .        B, �t�I� K�I�� GI
�+ -I�, B, l�I! �I9 �IH,
O<9 )�$�*�	�     �I� ,� K�I�� �I��� ��I+ =*� x�� -� �*�	� ;9 E ^�� b�

 b�O<9 )�$�*�	� �0*�� ��t�9 G�9 K��� �
 =�
 )��� ����� ), ��*H
     ==�I
 �I	��� K�I�� =�I_��0 �I9 �$= 4�<� l	
,E =*[ B, E ��/�H �,�� -�� 

    x�I� -�I �*I�	� �� K�0%X, �� ��*9 �� P�/ ,� K��� ,���, �*L	 -�, ),��
����� Y�	
 � =�,E ,� ^�,* b�O<9 K�0%X, #s� �=�
 )���.  

4-1-  A.�2 m	���  
   �I�B �I'�,� C�X ��! Y�� ;� n,�X, �= ��� =���, ���X�	5 4,�� �?�TA

 =*� � �����:  

R
IKB    )1(                                                                                 

   �I'�,� -�, �= K   GI��t 6��I. , I   E ��I! Y�I� 4�I���  R    ��I! Y�I� y�]I�
�����.  W���� ���?, ��t�9 E =�
 G�= ���� ��Z�! Y�� 4���� G�� x�O��, �=

       GI�*�9 6I�* ��I! Y�I� �I$ �= 4�I��� �9 G/�H �L� �= ���� ,� ��Z�! Y��
=*� h�E�� ��! Y�� ���X�	5 4,�*/.  

 ,� y*.* -�, ��B W_� �$= � 4�<� ���� , E d��?E �� Y
�+ P�,E� -�	Z�$
   ��I� �=�Ec WI���� )��?, 6��. E ����?, =*[ 6�+ �� ��! Y�� �$ 4����

G�,.  
  

  

  
W_�5- ��Z�! Y�� B, ;� �$ �= ��� x�O��, 4���� G��  



��                                                  hE� )��H��_��,��BE 69� )��H -�T���(OWA))�$ �=,= 6�
�9 �= K��� x�� -�                                                             
��,�0, ���� ;��� �)��< =,��� �*>?=�� �.� ��� 
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             )2(     

    B, �I$ ��I! Y�I� ��"�/ �� W���� ���?, 6��.   =�,= #I_0 G�I�� �T��I_��  E
            4,�*I/ K�I� �I� h�E�I� ��I! Y�I� �I� ��I! Y�I� �I$ )�,rIH ��t�9 4,��

=�,= �T��� ��"�/ -�, E ��� =���, ���X�	5 . 6��	 x�O��, �� 4,*9 � �

   �I+,�X ,� -�I b�O<9 Y���� -����� =*�* W",*/ E ��! Y�� �$ 4����

=�
.  

  

  

  

  

  
W_�6-   �$�*�	� =,�]9 l�,�/,���c -�/�H �,�� �*�� E K��� )E� ��  

�
4-2-    ���F��� <F(* )*"+ C"D��" ��� �� �������

(OWA) �/�&�!� 
�fg3� <".*( ��  
 K��� =�_��0 Y��,= �(� Y�=,= l�,�/, ,� -� b�O<9 )�$�*�	� �
 ��+
 �_�� ����� ��� -��]9 l�! B, ����� ;� K�*" �� �9 Y�o��� ���	
 ), ��*T�

K��� G
�+  =��H W_� ��� N<H -� -��[c i��, ��  ��,�	��*$ �*'�
   hE� B, �*IL	 -I�, ),��OWA      �=�&�I�, �$�*I�	� K�I0%X, 6I�
�9 �=

 �$�*9* �� ���0, G�� MBR )�$d��?E �9 Y�	
 � N��]9 �T��0 �� E �=�

=*� =���, .  

    �I�BE 6��I. 4c GI��$, E G�]�* �� ��*9 ���*�	� �$ ),�� hE� -�, �=
��      �I��BE 6��I. y*I�� �I
 )*I�� �� =*� � ��/�H�L� �= ;� E �&" -

Y�	_� N��]9 ,� �T��0 ��T�c ==�H ;� ��,��.  

 hE� �= Y
�+ P�,E�OWA G�, -�	A:  

* +

j

n

j
jn

J
JJ

bwaaaOWA

WW

�

�





>�

1
21 ),....,,(

11,0                          )3(  

 �T��0 �� B, � ��+ OWA        �I �=�&�I�, K�I�� ;I�9�*9, ��I�	
 GI��
Y�	
. 1- ��0    d�I�?E =�I��, GI�� P�E �*�	� ),�� 6?�\ 4BE 6��. �� �T

 Y���� G
�+ �= �*9* E= �$ i����2-   ),�I� 6?�\ 4BE 6��. �� �T��0
    �IA G�I� �*I9* �� 4��/ =���, G�� G�,� G���*�	�3-    �I� �IT��0

 G�� �*9* �� 4��/ =���, G�� �A G���*�	� ),�� 6?�\ 4BE 6��.
G�,�  

�= Y���*T?, �T�*TA  M,�H��=
*��� G�, ��� bO< ��B.  

 
W_�7-  M,�H��=
*���  Y���*T?, ),��, �*��OWA 

 
 �T��0OM     ��I� �= K�I�� G�,�I$ �*9* E= �$ ),�� i���� d��?E =���, ��

=�,= ���0 �� ,� Y�����  �T��0OR    �*I�	� B, K�I0%X, G/���= ��SL   �I�
�A n�'� ,� K��� �9 �$= � 4��/ G�,� G�� �*9*  �T��0 E ���[�Z�

OL  #_0 ��OR     ��I� )�I$ -�I ���9 K��� 6�9�9 -��� E �	_� W�0
�	
 � ����= E �����	� ,� l�
�+.  

4-3-   <'*F^ C""G( �� ��&+ V'�&( V	�( �� �������
�/�&�!� >��  

        )�I$��5� 4�I� �= �I�]�B*9 -��I9 )=����I
 B, �I_� ��I�� �� ��*H ^�B*9
G�, �/=�(9 .  

^��9 �'�,�  GI�, -�	A ��*H ^�B*9:                                   
     )4(22 2/)(

2
1)( (?

�(
�� zezP �����������������        

- -�T��� : ?
 - =�,�����, n,���,  :(  

 ��I�� ^�B*9 ^��9B, �� U0�� �
 ���0 -�����     4BE 6��I. -�I�]9 GI��
  �I�B �'� �
 G�, -�, Y�	
 �=�&��, �$�*�	�     ;I���,�� ^I�B*9 ^��I9 �I	�	

G�,.  

  
W_�8- ��*H ^�B*9 ^��9 

  
    �I�B �'I� �I�,�� ,� �*�	� �$ 4BE 6��. E �=*�� �=�&��, W", -��$ B, ,r?
   ;I� K�*I" -��� E  Y���T� �L� �= h�E�� �*�	� �� ��� =���, �	�	
 4�<�BE 6��. �� �T��_� B, �$�*�	� ��"�/ E =,�]9 -�� ���B E  ��'	 �'�,�

,=*� � =���[18].  



                                          hE� )��H��_��,��BE 69� )��H -�T���(OWA))�$ �=,= 6�
�9 �= K��� x�� -�                                                           ��  
��,�0, ���� ;��� �)��< =,��� �*>?=�� �.� ����

 

Journal of Control,  Vol.3, No.1, Spring 2009  ��� ����	
 ���3 ����� �1 ���� �1388  

 

  
W_�9- ���BE 6��. ����� �= ���� ^�B*9 ^��9 �	�	 ��B �'� B, �=�&��,  

 
       -�I�]9 GI�� ,� �=B �*I��$ lIO� G+�I� =*I� � ��$�< �
 ��*T���$
  E= �I$ ),�� i���� d��?E =���, �	]� �E, �T��0 �= P�E �*�	� 4BE 6��.

Y��� � ��_� �*9*.  ��� �$�*�	� ���� ),��     Y�I	
 �I WI�0 *I�� -��$ ��, 
G�, -�	A W"�+ �����:  

OM=0.18SL+0.64SM+0.18SR                            )5(  

    =�I
 WI�0 W_I� E= �� 4,*�� M*� E ME= )�$�T��0 ),��,    ^��I9 B, 4,*I��
         �I� ��I�� ^I�B*9 ^��I9 WI�t �I
� �I��59 �I� �� E =�
 �=�&��, �=B h�� ^�B*9

�� ����	 4BE 6�,�.��. )���� ���0 J���� �� ME= hE� B, �=�&��, �� � �

Y�$= � ��.*9 ,� hE� -��$ ,r? Y�����.  

  
W_�10- ���BE 6��. ����� �= 4������ ^�B*9 ^��9 �	�	 ��B �'� B, �=�&��,  

  
   ��I��� GI�� 4������ ^�B*9 ^��9 B, =*� � ��$�< W_��= �
 ��*T���$

��0 ),�� �$�*�	� 4BE 6��.    ��I�	
 E GI
�+ 4�I�/ �
  M*� E  ME= �T
Y�	
 � �=�&��, �	
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Abstract: A new hyperchaotic system which is represented in this paper has an equilibrium point located at 
origin. Having two large positive Lyapunov Exponents, is the prominent feature of this system in comparison 
to other hyperchaotic systems. Some basic dynamical properties are studied in order to prove existence of 
hyper chaos in this system including Dissipativeness of System, Instability of Unique Equilibrium Point, 
Strange Attractor, Lyapunov Exponents, Fractal Dimension, Poincare Mapping and  Sensitivity of Time 
Response related to state variables to initial condition. All of the properties studied show  that the system is 
hyperchaotic. By changing a parameter of the system, various dynamical characteristics is obtained such as 
Chaos, limit Cycle, Quasi-Periodic and Hyperchaos. At last, the chaotic system is stabilized around its 
equilibrium point by using linear state feedback controller 

Keywords: Hyperchaotic System, Lyapunov Exponent, Fractal Dimension, Dissipativeness and  Strange  
Attractor  
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 )�$��,��Y���� 4�B �� ��5� )�$ �� x*�c )�$

� -���! �]�����  �= ��*�� 4,*	0 �� �
]22[  )=E�E ;� 4�� �/�., ��
�A��s_� ��	�*�c Y���� �� ��*	�� �?��	
21  Y���� �-���! �]�

G�, ��� ��[�� )���� )R�� �]� ��	�*�c . R�� �]� ��	�*�c ���/�
�_�� �=�0*	( ��(0 )�$22 ���� ���= �� �
 G�,�� x*�c �� 4,*9

�_�� �= R�� �]����&!*$ y*� B, �0*	( ��(0 )�$23  =�
 ����, . �=
]23[  ��  ���&!*$  y*� B, ��(0 �_�� ;�4  ��� ��/�H �L� �= 4E��

4E�� 4�� ��BE 6�,�. Y�L	9 �� E G�, �_�� -�, �= R�� �]� x*�c ��$
G�, ��� =���, .Y���� M��9�$ ��� ����, 4,�� �
 R�� �]� ��	�*�c )

� n�" �.��� KR=�] ��	9 E �=*�� �"�[ �_���/ ���]9 ),�,=�	��� .
Y���� �= R�� �]� x*�c �,� �� ���  �_���/ )�$�$= .�?�� )]24[ -

 �?*�� ��(0 �_�� �*9%��, KR=�] �= ,� R�� �]� x*�c =*�E
�*��,*
24 � 4�<��$= .HF�E�  �R�� �]� ��	�*�c Y���� -�, b[��

� G�u n*��!��? )��� �� =*�E����.  
   R�� �]� ��	�*�c Y���� b[�� �HF�E ��?�� -�, �= ���� �

Y���� 6�\,  �� ����� �= 4c G�u n*��!��? )��� E= 4=*� )�$

  
14 Nonlinear Quadratic Controller  
15 Periodic  
16 Quasi Periodic  
17 Qi  
18 Wang  
19 Lü  
20 Wenjuan Wu   
21 Unified Chaotic System  
22 Artificial Neural Networks  
23 Hopfield  
24Quantum Cellular Neural Network Oscillator  
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� �T�= )R�� �]� ��	�*�c���� .�HF�E -�, ���H,�� lO� ;� �= �
� B,G/�H �$,*[ �,�� ����� =�* �?�.  

   lO� �= �
 G�, K�*" -��� �?�� -�, ��
 ���[�� 2 B, #! �
 �= x*�c =*�E K��t, G�� �R�� �]� ��	�*�c Y���� ;��	�= �/�]

� 4�<� �Y���� -�, �,���!�� 4c �=�]9 �'�� E �/%9, Y���� �
 Y�$=
G�, .x��� ����� �� lO� -�, �,=, �= ��0{��! �6 ����B )�$

)��
 �]�  ���?E, P�,�� �� G����+  �n*��!��? )�$���1  G��T� �
���_�,*!2 �=���H ����
�/ N�X E3 � Y����Y�B,=�!  . lO� �=3 

���/���,��! B, �_� ���59 �� ,� �_��	�= N��O )�$ 4�<� Y���� )�$
�Y�$= . lO�4  -�, n*��!��? )�$��� 4�� ����� ��Y���� �� Y���� )�$

G�, ��/�� q�(�[, �T�= ��	�*�c . lO� �=5 ���	
 �+,�X �� ��		

�'[ G?�+ ;���/4 �,���! =*[ �=�]9 �'�� �*+ Y���� � E =*�

����� lO� �= �?�� B, ��
 )��H6  � ��,�,==�H .   

  
2-  )��	 �G	 I�!	&?@ A��"� �9"�!'� 
���G

�'��  
 �_��	�= KR=�] Y���� B, M��?, ��  R�� �]� ��	�*�c Y���� -�,

 *�? -���! �]� ��	�*�c]27[ G�, ��� ��[�� . Y���� -�, KR=�]
 �'�,� K�*" �� ���� ��	�*�c)1 (G�, 4��� W��� . �= KR=�] -�,

�/�., �� ^�,E M���A G?�+ ��5� 4=�
w ��\ M�9 �	A 4=E�/, E �'[
��� W�_<9 �*�? ��	�*�c Y���� KR=�] ����,.  
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   �'�,� �=)1(, , ,x y z w ��5� �T���� Y���� G?�+ )�$

� ��	�*�c�	��� . �'�,� K�*" �� �$��,��! x�O��, ��)2( ���/� Y���� �
� 4�<� =*[ B, R�� �]� x*�c�$=.  

)2           (2,1,1,4
8,4,8,1,7.7

��
�

khgf
edcba

  
   G�, �,�?, ��B P�,�� Y���� ;� �= x*�c =*�E ),��:  

  
1 Fraction Dimension  
2 Poincare Map  
3 Continuous Spectrum  
4 Linear Feedback Controller  

N?,- �/%9, ���� Y����5 ���� . �
 G�, -�, M*�& �� 4=*� �/%9,
��
 �,���! Y���� E �=*� l$�
 ��+ �= Y���� )d��,6 G�,.  

x- ���� ���,= �,���!�� �=�]9 }��� ���� Y���� .-��*
,d #��9�7 
���� �,���!�� �F�E ��=�� ),�,= ���� ��=�]9 }��� �= ��� ����� . -�,

��� )�,���!�� �T���� ^�,E �= ��_�8 G�, Y����.  
7- )�$�,�9 �	��� �,��,�
 E =E�� ����  Y����.  

 �	$,*[ �,�� ����� =�* Y���� )E� �� P�,�� -�, ��,=, �=
G/�H.  
  

2-1 - (� ���*	A��"� >�&	 ��g  
�9R�� )�$�|/ �= Y�+ �� E �'� �&+ G�"�[�(O< � ��
 )

Y����������! )�$10 ����� .Y���� ��HF�E -�, �� ,� �_��	�= )�$
Y�+ �_	�, 6�+ �� 6�9�9 �� �	��� l$�
 �� E ����� G��t B�/ )�|/ )�$

� Y���9 �/%9, E ������! �E�H E=�	
.  
   4��$= �
 )�*X MBR P�,�� B, �_� ��� ��&H �?�� ME= lO� �

���� �/%9, Y���� �
 G�, -�, Y���� ;� �= x*�c =*�E ),��  .
 �'�,� K�*" �� Y���� ;� �_��	�= KR=�] �Z��	A)3 ( ����� ),��

M�9 �4=*� �/%9, �����
1

n
i

i i

fF
x

@
A 

@��� ,� �Z��	A �=�
 ���

��� ���� �&" �,�� -�, Y���� ���� �&	 �,�� -�, �H, E ������! Y�
G�, �/%9,.  
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G�, �/%9, Y���� �
.  
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   �
 -�, �� ��*9 ��� 0FA !�-�,���	�  �����  Y�����  E �/%9,
G�, ��
 �,���!.  

  
5 Dissipative  
6 Globally Stable 
7 Jacobian Matrix  
8 Local  Instability  
9 Orbits  
10 Conservative 
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2-2 - A��"� ,��G( �H�� )���'�8�� ���*	  
��  ��*90, 1,2,3, 4if i ��� � �'�� ;� ),�,= ��	9 Y�

�= �=�]9(0,0,0,0)E  ����� .d #��9� �= Y���� -��*
,
 �'�,� K�*" �� ��=�]9 �'�� -�,)5 (� �����=*�.  
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    �� ��*9 �� �=�]9 �'�� �Y���� -��*
,d #��9� �F�E ��=�� G%0
� �,���!�� E W_� �	�B y*� B, Y�������� .� -�,���	� G/�H ����� 4,*9

G�, �,���!�� ��� �*X �� Y���� �
.  
  

2-3- A��"� <"-f En�� ��	 �G	 I�!	&?@  
B, �=�&��, �� ��	�*�c Y���� -�,  �,�/, M��MATLAB���� � )B��

��*(9 B, )=,�]9  E G�, ���x��� )�$   )E� �� Y���� -�, 6��0
W_� K�*" �� )�]� �� E )�]� E= )�|/ )�$)1 ( �9)6 (��� �������, .

���� ),�� ��?E, P�,��  Y���� )B��  K�*" �� ��	�*�c

0 0 0 0( , , , ) ( 4, 2,1,3)x y z w  � �  ��� ��/�H �L� �=
G�,.  
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2-4- oFF��8 *FF"p� ���FF� )�FF/  A�FF�"� $FF��2 )�FF/
��	 �G	 I�!	&?@  

 W_�)7 ({��!��5� ���B )�$ R�� �]� ��	�*�c Y���� G?�+ )�$
� 4�<� ,��$= .���� ),�� ��?E, P�,��  Y���� )B��  �� ��	�*�cK�*" -
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W_�)7 :(��5� ���B  {��! ��	�*�c Y���� G?�+ )�$  

  

2-5 - �!	&?@ A��"� Q&��8�"� )�/�:� ���*	��	 �G	 I  
�B,��, G��
 ;� �n*��!��? )���  G����+ 4,�� �
 G�, )��H

� bO< ��?E, P�,�� �� ,� Y���� �_��	�=�	
 . ^�,E �= G��
 -�,
 B�/ )�|/ �= ,� Y$ �� ;�=�� ��� E= ��,�H,E E ��,�T�$ P�*� ���

� bO<  �� 4=*� ��*T�*�c -��]9 G�� =�,�����, G��
 ;� E =B��
=*��G�, Y���� ;� 4 .���  )�|/ �= ��	�*�c Y���� ;� )�$

 �*(� =E�� )�|/ ;� �= �
 �	��$ G���	�� �*X ),�,= �G?�+
���  E ,�H,E K��� �|]� �= ��	�*�c Y���� ;� )�$��� ���� ,r? ��,

 ��
 ����� ),�� n*��!��? )�$��� ���*� ,�T�$ K��� �|]� �=
 G?�+ )�$��� ��,�T�$ E ��,�H,E� �=�&��, Y���� ��*�.  

    �E��)1 (G?�+ �� ��	�*�c Y���� ;� ),�� ,� �_��	�= )�$4 
� 4�<� n*��!��? )�$��� G%0 6�+ �� G?�+ ��5��$=  . �=

�E��)1 (, 1, 2,3, 4iL i �T���� �i Y���� n*��!��? )��� -�,
� ����]21[.  
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   W_� �= �
 )�*'���$)8 (� ���= )��� E= ),�,= Y���� �=*�
 G�, �&	 n*��!��? )��� ;� E �&" n*��!��? )��� ;� �G�u n*��!��?
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Abstract: Cascaded H–bridge converters may well be used for applications requiring higher 
voltages, without needing series connection of semiconductor switches. Two problems are necessary 
to be addressed; first, the AC voltages of the sub-modules of the cascaded converter which are 
unequal due to the deployed modulation technique, thus introducing different fundamental 
components and harmonic contents. Second, is the DC-links of sub-modules that are subjected to 
low-frequency oscillations when operating under three-phase unbalance condition and/or single-
phase active power exchange. This paper begins with the first problem, suggesting a generalized 
swapping technique for a cascaded H-bridge converter. This is applied to the SPWM and the optimal 
PWM, while the optimal PWM is suggested to be subjected to a complementary constraint. A five-
level H-bridge cascaded converter is developed to implement the suggested modulations. Practical 
results confirm that AC voltages of the sub-modules are equalized. Furthermore, three various 
external DC active filter circuits are presented to tackle the second problem, including the 
independent DC source, the auxiliary S-bridge and the buck-boost design. These circuits are 
simulated, and their performances are compared. Moreover, the buck-boost design is implemented, 
and applied to the DC output of a single-phase full-bridge rectifier.  Then, three control strategies are 
further tested on the buck-boost compensating circuit. Experimental results show that the effective 
value of the DC ripples is considerably lowered down in comparison with the original DC 
oscillation. 

Keywords: Cascaded converter, DC-link oscillation, balanced AC voltages, optimal-PWM, SPWM. 
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 Nomenclatures: 

:N total number of H-bridges 
:K number of switching instants 

:ij$ the jth switching instant of the ith H-bridge 

converter 
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:a nV �  the nth harmonic component 

:d practical duration between two consecutive 
switching instants 

:dcV the DC voltage of the compensating H-bridge 
converter 

:ont  the on-time duration of each switch 

:fV oscillations on top of the DC-link 

1 2 and :f fC C   DC-link active filter capacitances 

:C  DC-link capacitance 
:VC  hysteresis-like positive band 

:L  AC-side commutation inductance   
:LV  the voltage drop on the inductance L 

:Li current through the inductance L 

 
1- Introduction 

Multilevel converters can potentially overcome 
the practical impediments associated with the series 
connection of semiconductor switches to increase the 
system voltage [1]-[4]. Figure 1(a) shows a five-level 
cascaded H-bridge converter with which the 
harmonic performance is expected to be improved, 
while the supply voltage is distributed across the 
sub-modules. However, two problems should be 
considered. First, the applied voltage can be 
distributed unevenly across the H-bridge converters 
depending on the applied modulation technique. 
Second, the AC voltages of the sub-module may also 
add different harmonic contents, both in magnitude 
and phase. Since the series current is identical for all 
converters, sub-modules could be subjected to 
different power levels. Thus, it is also expected to 
observe unbalance of the DC-link voltages as well as 
oscillation on each DC-link voltage.  

Second, each H-bridge sub-module exchanges 
instantaneous active power with the electrical 
network and thereby leading to DC-link voltage 
oscillations. (Note that the average absorbed active 
power by the converters in a power system period 
could be still as low as the power losses of the 
converters.)  This exchanged power will highly 
affect the DC–link voltage of an H-bridge converter, 
causing low frequency oscillations (e.g. 100/120 Hz 
oscillations for synchronous frequency 50/60 Hz like 
that shown in Fig. 1(c)). The bigger the exchanged 
power within the sub-module, the larger will be the 
observed oscillations on top of the DC-link voltage 
[5]-[6].  

Conventional PWM techniques have been 
introduced in related literatures. These techniques are 
simple to implement, while the two raised problems 
will, more or less, persist in the H-bridge sub-

modules. Since harmonic magnitudes of the H-bridge 
converters may vary, different oscillating 
components with different magnitudes can be added 
to the DC-link voltages. Some other techniques 
objectively eliminate certain harmonics.  E.g., an 
optimized pulse width modulation technique 
(OPWM) is presented in [7] wherein the modulation 
is capable of eliminating any given number of 
harmonics. The problem, however, is that some 
optimized switch-on or switch-off durations might be 
very short. In practice, the switching frequency of 
power semiconductor switches is limited. Hence, 
implementation of the resulting optimized 
modulation cannot be fully achieved. 

This paper begins with sinusoidal PWM (SPWM) 
and the OPWM techniques for cascaded H-bridge 
converters in order to address the first problem of 
uneven AC voltage distribution. One suggestion is 
introduced to improve the conventional SPWM for 
five-level cascaded H-bridge converters. This will 
make AC voltages of the two sub-modules similar, 
while the DC-link oscillations are still there. A five-
level cascaded H-bridge converter is implemented to 
verify above suggestion. Furthermore, the constraints 
of the OPWM are so improved that the switching 
durations can actually be programmed. Then, the 
improved OPWM is also verified by the five-level 
converter, and practical results are compared with 
those of the improved SPWM. To deal with the DC-
link oscillations, three different DC-filters are 
proposed to be connected across the DC–link 
capacitor, including the independent DC source, 
auxiliary S-bridge converter and the buck-boost 
compensating converter. The suggested methods are 
then examined and simulated by MATLAB to assess 
their performances and their suitability for the 
cascaded H-bridge converters. Among these 
converters, the buck-boost design is implemented, 
and applied to a single-phase full-bridge rectifier in 
which the DC oscillations are strongly imposed by 
the DC source. Practical results confirm that this 
latter proposal introduces marked improvement in 
lowering effective values of the DC–link oscillations. 

 
2- Generalized switching pulse transition 

Consider the cascaded five-level converter in Fig. 
1(a) which is modulated through a conventional 
SPWM.  MATLAB simulations are so arranged that 
four triangular carriers of 2100 Hz (twice as the 
number of H-bridges) are compared with a sinusoidal 
reference (50 Hz).  Resultant comparisons lead to the 
output waveforms shown by Fig. 1(b) including two 
AC voltages of the H-bridges together with the total 
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cascaded voltage. Fourier analysis of these 
waveforms is introduced in Figs. 1(d)-(f). The 
analysis shows that the first H-bridge introduces a 
fundamental component of 1.215 P.U., the second H-
bridge 0.755 P.U., and the total cascaded voltage 
1.972 P.U. This clearly implies that the first H-bridge 
has a bigger modulation index, and higher duty ratios 
in comparison with the second converter. Since the 
series current is identical for both converters, the 
DC-link voltage of the first H-bridge is different 
from the second one. Hence, the first H-bridge 
converter introduces larger oscillations compared to 
the second one and this is due to their different 
power levels. Simulations shown by Figs. 1 confirm 
the presence of the two stated problems (uneven AC 
voltage distribution and DC-link oscillation). 

2.1 Switching pulse transposition (SPT) 

The conventional SPWM not only produces 
unequal fundamentals, but it also produces different 
harmonic levels for the two H-bridges. One 
suggestion for symmetrical operation of the sub-
modules could be a regular transposition of the 
switching pulses that are generated by the 
conventional SPWM. In practice, the SPT should be 
performed within every synchronous period such that 
a DC component will not appear on the AC voltage 
of a sub-module.  For instance, when the switching 
pulses of the two sub-modules (generated by the 
conventional SPWM) are swapped over every half of 
a synchronous period, simulations show nonzero DC 
values on AC voltages of both H-bridge converters. 

 

 
Figure 2: Experimental arrangement for balancing the 
capacitor voltages using the improved SPWM and the 

OPWM techniques. 
 
As the number of H-bridges increases, application 

of the SPT among the sub-modules needs to be 
regulated.  

 
Figure 1: (a) Cascaded five-level H-bridge converter, (b) AC voltages of the two H-bridges along with the total AC voltages 

resulting from the SPWM switching technique, (c)unbalance and low-frequency oscillations of the DC-link voltages, and (d)-
(f) Fourier analysis of the three AC voltages introduced by (c). 
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To propose a rule for objective SPT technique, 
huge number of simulations has been arranged 
starting from two H-bridges up to six sub-modules. 
Table I lists resultant SPT angles that improves both 
fundamentals and harmonic contents of all sub-

modules nearly equally. According to these recorded 
results, the number of swapping of the switching 
pulses within every half-cycle equals to six times of 
that of the number of the sub-modules (e.g. 12 SPT 
for two sub-modules and 30 SPT for five sub-
modules). The only exception is that of the two sub-
module in which the swapping can also take place 
every quarter of a synchronous period in addition to 
the suggested general rule (transposition of the 
SPWM outcome every 15°). Simulations confirm 
that the harmonic behavior of both sub-modules are 
quite similar, in particular, both fundamentals and 
low order harmonics become identical. 

Figure 4 illustrates how 30 SPT occur during a 
half-cycle among five H-modules (H1~H5). Every 
SPWM outcome is applied first to H1 during [0°, 6°], 
the second is transmitted to H2 during [6°, 12°], third 
to H3 during [12°, 18°], fourth to H4 during [18°, 

24°] and fifth to H5 during [24°, 30°]. Then, this 
procedure is repeated six times until the half cycle is 
completed. It is noticeable that various repeating 
procedures may be deployed for the six SPT amongst 
the sub-modules. Nevertheless, the best solution is 
achieved when the repeating procedure always starts 
from the first sub-module down to the last one as is 
shown in Fig. 4. 

2.2 Experimental validation 
A five-level cascaded H-bridge converter, shown 

by Fig. 1(a), is implemented to examine the 
equalization of the AC voltages of the sub-modules. 
Figures 2(a)-(b) show the power circuit together with 

Figure 3: (a)-(d) Application of the conventional SPWM by the AVR: (a) AC voltages of the two sub-modules, (b) total AC 
voltage of the cascaded converter, (c)-(d) Fourier analysis of the waveforms introduced by (a), and (e)-(h) when the improved 
SPWM is applied by the microcontroller: (e) AC voltages of the sub-modules along with the total AC voltage of the cascaded 

converter, (f)-(h) Fourier analysis of the waveforms introduced by (e). 

 
Figure 4: Illustration of the SPT suggested procedure for a cascaded H-bridge converter that includes five sub-modules. 
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the microcontroller and switching driver circuits. 
Sixteen switches (MOSFET 2N06L05) are used in 
all, eight for each sub-module, where every two 
parallel switches make one pack. The IC number 
TLP250 is used for switching drive circuits that 
transmit the switching pulse train produced by the 
AVR microcontroller. The microcontroller consists 
of two ATMEGA8-16PU units. A 15 Amp fast fuse 
is used to protect the device. Two 12 V batteries 
supply the DC-link voltage, and a 1200 VA 
transformer is optionally available to be connected 
either to 220 V loads or to a possible grid connection 
(synchronization techniques have to be applied). 

TABLE I: THE SUGGESTED PST FOR THE SPWM IN ORDER TO 
MAKE FUNDAMENTALS AND HARMONIC CONTENTS NEARLY THE 

SAME. 

Number 
of 

cascaded 
H-

bridges 

Duration of 
one 

transposition 
in Degrees 

Number of 
repeating of 

transpositions 
during each 
half-cycle 

Total number 
of 

transpositions 
each half cycle 

2 15° 6 12 

3 10° 6 18 

4 7.5° 6 24 

5 6° 6 30 

6 5° 6 36 

Both the conventional SPWM and the suggested 
complementary improvement to the conventional 
SPWM have been programmed using the AVR 
microcontroller, and applied to the cascaded five-
level converter.  Four triangular carrier frequencies 
are all 2100 Hz. Experimental results are shown in 
Figs. 3(a)-(d) for the conventional SPWM, and Figs. 
3(e)-(h) for the improved SPWM. Figures 3(a) and 
3(e) demonstrate the AC voltages of the two sub-
modules, and Figs. 3(b) and 3(f) show the total AC 
voltage of the five-level cascaded converter. To find 
out the effect of switching pulse swapping in every 
quarter, Fourier analysis of the two modulating 
programs are compared. Figures 3(c)-(d) zoom in the 
fundamentals as well as the low order harmonics of 
the two H-bridge AC voltages for the conventional 
SPWM. While the difference between the 
fundamentals is about 4dB (their ratio is about 1.58 
like the simulations of Fig. 1), the harmonics also 
show different magnitudes. Considering the 
improved SPWM, Figs. 3(g)-(h) verify that both 
fundamentals are nearly identical, and the harmonic 
behavior of sub-modules are quite similar.  It should 
be noted that low-frequency oscillations of the DC-
links still remain as an issue for both conventional 

SPWM and the improved one. This is even worse in 
the case of the improved SPWM compared to the 
conventional SPWM simulated by Fig. 1(c). 

 
3- Simulation Results 
Conventional multilevel SPWM schemes produce 

uneven fundamental voltages for the H-bridge sub-
modules [14]-[18]. As an alternate technique, 
optimized algorithms are introduced in [6]-[10], to 
eliminate certain harmonic components by seeking 
the best switching instants. Assume N  H-bridge 
converters are cascaded wherein every sub-module's 
AC voltage has both half-wave and quarter-wave 
symmetry. Then, determination of switching instants 
during each quarter-period is enough to recognize the 
whole period, and the Fourier series include only odd 
sinusoidal terms ( sin( )n t� ). Hence, general 
description of the nth harmonic voltage using the 
Fourier series for N cascaded H-bridges and K 
switching instants within each quarter-wave is 
calculated as below: 

1

1 1

4 ( 1) cos( )
N K

k
a n ij

i j
V n

n
$

�
�

�
 

 ���    (1) 

Where the angle ij$ is the jth switching instant of 

the ith H-bridge converter, and Va-n is the nth 
harmonic component of the total cascaded converter 
voltage. It is shown in [7] that harmonics up to the 
order (2NK-1) should be eliminated for N sub-
modules and K switching instants. An optimization 
problem can now be arranged having an objective 
function that minimizes the remaining odd 
harmonics starting from the third up to (2NK-1). This 
is also subjected to several constraints. One 
necessary condition has to be satisfied by all sub-
modules AC voltages on having identical 

fundamental magnitudes equal to 1aV
N
� . This 

constraint introduces N equations, each having K 
unknown switching instants. Also, obvious 
conditions have to be set on K ascending angles ij$  

for each sub-module within the period of 0,
2
�1 .

/ ,0 -
. In 

practice, a certain value should be considered 
between every two consecutive switching instants (d) 
to guarantee proper switching transitions. Thus, the 
third group of limitations is proposed here (added in 
(2)) in which the pulse widths are bigger than a 
certain value d (e.g. 10	s) for implementation 
purposes. Choosing this value depends on the switch 
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technical specifications, including the turn-on and 
turn-off durations that affect the switching 
frequency. The combinatorial optimization problem 

can be formed as below: 
2 1

2

      3
(    is odd)

11
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3 2
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 (2) 
3.1 Implementation of the complementary 

optimal modulation 
The complementary optimal modulation of (2) 

can be solved using genetic algorithm. Since 
different initial conditions lead to different local 
minimums, ninety different initial conditions within 
[0°, 90°] are applied to the optimization problem. 
Solutions are sorted according to their resultant 
THD%. The solution with the lowest THD% is 
selected and stored in a lookup table by the 
microcontroller. This process is repeated for various 
fundamental magnitudes, which eventually provides 
all the needed lookup tables for the microcontroller. 

Table II lists a typical lookup table containing the 
obtained optimal switching instants for N=2 and 
K=21 according to the stated procedure when 

d=10	s and 1 36aV �  dB (about 63 V). Switching 

angles, related to other three quarters of the 
waveform, can simply be generated according to the 
assumed quarter-wave and half-wave symmetry for 
the waveform. 

 
TABLE II: THE COMPLEMENTARY OPTIMAL SOLUTION LISTING 
THE SWITCHING INSTANTS OF THE FIRST QUARTER OF THE 

WAVEFORM THAT IS STORED AS A LOOKUP TABLE. 
Sub-

module 
Number

Optimized switching instants in the first quarter-
period (angles in degrees) 

1 12 13 15 17 25 27 28 30 31 32 

Cont. 1 36 41 43 45 46 48 50 58 59 64 

2 8 9 19 21 22 25 28 29 31 36 

Cont. 2 40 45 46 52 53 55 56 61 62 76 

 
The microcontroller is then uploaded with all the 

obtained optimal solutions, and the modulation 
program is applied to the five-level cascaded H-
bridge converter. Figure 4 shows the implementation 
outcomes. Both AC voltages of the two H-bridges 
are shown in Fig. 4(a), and the total cascaded voltage 
in Fig. 4(b). Comparing the fundamentals of the two 
sub-modules, it can be seen that they are slightly 

Figure 5: Application of the complementary optimal switching modulation by the AVR: (a) AC voltages of the two sub-
modules, (b) total AC voltage of the cascaded converter, (c)-(d) Fourier analysis of the waveforms introduced by (a). 

(a)                                                                                                      (b) 
Figure 6: Oscillations of the DC-links of the two H-bridges, (a) the improved SPWM, and (b) the complementary optimal 

switching modulation. 
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different (29.8 dB and 30.14 dB). Hence, the 
switching pulses are swapped every quarter-period, 
and applied to the sub-modules. Figures 4(c) and 
4(d) illustrate the Fourier analysis of the two AC 
voltages of the sub-modules, showing identical 
fundamentals for them with similar low-order 
harmonic behaviours.   

Practical results indicate that both the 
complementary optimal switching modulation and 
the improved SPWM are capable of distributing 
identical fundamental AC voltages on the two sub-
modules. However, the complementary optimal 
modulation with quarter-period swapping provides 
better AC voltage distribution and harmonic 
behaviour compared to the improved SPWM. But, 
both methods are still unable to attenuate the DC-
links oscillation sufficiently as shown by simulations 
in Figs. 5(a)-(b). While the steady state peak-to-peak 
oscillation magnitude is below 16 V for the 
improved SPWM in Fig. 5(a), it is less than 7 V for 
the complementary optimal modulation in Fig. 5(b). 

 

4- Suppression of DC-link oscillations 
Connection of various DC passive/active filtering 

circuits across the DC capacitor is discussed in [11]. 
Predominant frequency of these oscillations is 
related to the second harmonic when the power 
system operates at 50/60 Hz. Other higher harmonic 
orders can also be present if the applied voltage 
includes any components in addition to the 
synchronous frequency. Typical uncompensated DC-
link oscillations are shown in Figs. 5(a)-(b) when the 
improved SPWM and the OPWM modulation 
techniques are used, respectively. A PI controller is 
used to control the phase angle of the H-bridges 
output voltages such that the average DC-voltage 
remains fixed at 150 V.  

One approach to filter out the low-frequency 
oscillations of the DC-links may be a passive LC-
filter tuned at 100/120 Hz. This would effectively 
reduce oscillations. Nevertheless, the disadvantages 
of the passive LC-filters are their high cost, big 
parameters and size. Hence, the following sub-
sections suggest and examine new designs that make 
use of active filters to damp the oscillations 
effectively. 

4.1 Independent DC source (IDC): 
Proposition 1 

The proposition of Fig. 6(a) uses the idea of 
passive LC-filter to absorb the oscillations in which 
the inductance of the passive filter is replaced by the 
primary winding of a transformer. The secondary of 

the transformer is connected to a low-power low-
voltage H-bridge converter through a passive low-
pass LCL-filter.  The suggested design provides 
much more satisfactory attenuation of DC-link 
oscillations compared to the passive LC-filter. Thus, 
the control and operation of this proposal will be 
examined in detail.  

First, the oscillations of DC-link voltage (Vf) is 
extracted by subtracting the average value from the 
exact value of the DC-link voltage. Using the zero-
order hold (ZOH) function of SIMULINK, the 
sampled signals (rated at 10 kHz) are converted to 
continuous signals. Then, the volt-second balance 
law is applied to each switching period (100 s? ) to 
find the duty ratio of each switch as follows: 

         )(100 sVtV fondc ?))                            (3) 

Where Vdc is the DC voltage of the compensating 
H-bridge converter, and ton is the on-time duration of 
each switch.  Computing ton of the switches, they are 
applied to the compensating H-bridge converter. The 
whole design is simulated with MATLAB, where the 
transformer has a turn ratio slightly bigger than one. 
Figure 6(c) shows the compensated DC-link 
oscillations, which is largely attenuated down to 
about 2.5 V peak-to-peaks (or 1.67%). 

It is noticeable that the compensating elements 
including the DC source, transformer, low-pass filter 
and switches operate under low-voltage low-power 
conditions. But in practice, according to (3) the 
lower the magnitudes of oscillations (Vf), the lower 
the duty ratios of switches will be. This implies a 
limit on reduction of magnitudes of oscillations as a 
drawback of the method. To remedy this, the voltage 
Vdc can be decreased when the oscillations are 
needed to be attenuated significantly. This also will 
add extra-cost to the converter for developing 
regulated controllable Vdc. 

4.2 Auxiliary S-bridge compensation (ASC): 
proposition 2 

This proposal uses two identical capacitors (Cf1 
and Cf2) along with three switches for each DC-link 
like that which it is illustrated in Fig. 6(b).  
Capacitances Cf1 and Cf2 have identical average DC 
voltages equal to three quarters of the DC-link 
voltage of capacitor C. Three switches are operated 
in a way that when the DC-link voltage is increased 
beyond a positive band (
V), the two vertical 
switches are turned on and the horizontal switch 
turns off. This puts both capacitances Cf1 and Cf2 in 
parallel, absorbing charging currents through the 
inductance L from C by the following slope: 
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Where VL is the voltage drop on inductance L and 
iL is the absorbed current. This relatively big slope 
forces the main DC-link voltage to come down more 
rapidly. Similarly, when the DC-link voltage is 
dropped below a negative band (-
V), the two 
vertical switches are turned off and the horizontal 
switch turns on. The two capacitors Cf1 and Cf2 
operate in series, injecting current to the DC-link 
capacitor C through the inductance L as follows: 

DDDD

6
4

2

DC DC
DCL L

V V Vdi V
dt L L L

�
   � DDDDDDDDD�E�D

Here the negative slope reverses the current from 
Cf1 and Cf2 to charge the DC-link capacitor C. 
Simulations show that peak-to-peak magnitude of the 
oscillations is smaller than 1 V (or 0.6%) for a very 
high switching frequency case as shown in Fig. 6(d).  
In practice, the hysteresis-band could limit the 
performance of the S-bridge considerably such that 
when the selected V is small, the switching 
frequency is very high. 

4.3 An equivalent buck-boost circuit: 
proposition 3 

The two foregoing propositions have the 
advantage of lowering oscillations, while being 
forced to operate in high switching frequencies. In 
practise, this will highly depend on how fast and how 
advanced the semiconductor technology is.  Also, 

other drawbacks are the design costs, large size and 
occupying space.  Hence, another suggestion is 
raised in which a buck-boost circuit is responsible 
for transferring energy between the DC-link 

capacitor and a DC battery. Figure 7(a) demonstrates 
this proposal that mimics the oscillations of the DC-
link using a rectifier. A full-wave diode rectifier 
supplies a DC voltage (VDC) containing an average 
voltage (Vmean) plus a dominant 100 Hz oscillation 
(
V) to a load. A buck-boost circuit is used to 
compensate these emulated low-frequency 
oscillations.  

 Buck and boost operation modes take place when 
using two switches (one controllable switch and a 
diode allocated in each branch). Duty ratios of the 
switches are decided on the basis of pulse width 
modulation provided by Fig. 7(b), where Vdc is the 
battery voltage. When VDC is dropping, the DC 
battery injects power to the DC-link (boost-mode); 
when VDC is increasing, the DC battery absorbs 
power from the DC-link (buck-mode). This rule is 
emulated in Fig. 7(b), wherein a 50 kHz ramp is 
compared with Vdc/Vmean for the buck-mode, and 1-
Vdc/Vmean for the boost-mode. These are actually 
obtained from the well-known theory of DC-DC 
converters [12]. Simulations are shown in Figs. 7(c)-
(d) wherein the last picture zooms on a small region 
of Fig. 7(c). It can be seen that the effective value of 
uncompensated oscillations efficiency drops down 
drastically. Practically speaking, the buck-boost 
compensation method is simple to implement, and 
that the oscillations can be traced properly. In the 
mean time, the cost of this design is much less than 

Figure 7: (a)-(b) Circuit diagrams of the IDC and the ASC, respectively, and (c)-(d) simulations illustrating the effect of 
applying the IDC and the ASC to the DC-link oscillations. 
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the other two suggestions that use the concept of 
passive LC-filter compensation. 

4.3.1 Implementation of the buck-boost proposal 
The third proposition is implemented as the 

developed device is shown in Figs. 8(a)-(c). The 
power circuit along with control design of Fig. 7 is 
used to generate low-frequency oscillations by a full-
bridge diode-rectifier. Supplied DC voltage by this 
full-wave rectifier basically provides an uneasy 
situation in which suppression of the produced 
oscillations need considerable attenuations compared 
to the DC-link oscillations of cascaded converter. It 
is noticeable that an exact cascaded converter can 
also be connected across the grid system, which will 
need additional control algorithms both for 
compensation approach and the synchronizing 

frequency estimation techniques. Further, the source 
equivalent impedance is needed to be included in the 

control algorithm for a reliable response. This would 
be an extensive practical field, which needs the well-
known FACTS controller techniques for shunt grid-
connected devices. Hence, this made us to think 
about producing oscillations with the same frequency 
as that of the cascaded converter by establishing the 
test circuit of a full-bridge rectifier. The rectifier is 
composed of four 30 A diodes that are connected to a 
133 	F capacitor in parallel with an 18 � resistor. 
Two power MOSFETs (P50NE1) are used in the 
buck-boost circuit, which are driven by the IC driver 
TLP250. 

Considering the compensating circuit in Fig. 7(a), 
the full-bridge rectifier generates a DC voltage that 

Figure 8: (a) Proposed buck-boost compensator for suppression of DC ripples, (b) the control diagram that recognizes 
buck and boost operating modes, (c)-(d) compensated oscillations by applying the buck-boost suggestion simulated by 

MATLAB. 

Figure 9: Experimental arrangement for suppression of low-frequency DC-link oscillations using the buck-boost proposition.
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contains significant 100 Hz ripples. The peak of 
these ripples is imposed by the rectifier such that 
compensation circuits have to suppress the 
oscillations with respect to the peak (not the 
average). Thus, this situation would be rather a 
difficult task compared to the exact cascaded 
converter application. The microcontroller is 
programmed in three controlled-cases for 
suppression of oscillations; fixed duty-cycle 
modulation (FD), voltage-controlled modulation 
(VC) and wider-band boost duty-cycle modulation 
(WD). 

Experimental results are shown in Fig. 9.  Figure 
9(a) introduces the generated 100 Hz oscillations by 
the full-bridge rectifier. The DC value of this voltage 
is 15.00 V, while the RMS value of ripples is 20.90 
V.  Figure 9(b) illustrates the recognition of buck and 
boost operating modes according to the control rule 
shown in Fig. 7 (zero for the buck mode, and 5 V for 
the boost mode). The switching pulse train for each 
of the two operating modes are shown in Fig. 9(c).  
The upper switching signals relate to the activation 
of boost converter, and the lower ones to the 
activation of buck converter.    

Considering the FD modulation for the buck-
boost, Fig. 9(d) demonstrates the resultant 
compensation of DC oscillations (
V). It can be seen 
that the buck-boost effectively suppresses the ripples 
such that the RMS of the oscillations is 4.689 V. 

Comparing this RMS value with that of the initial 
rectifier DC ripples (20.90 V), buck-boost 
compensator along with the FD modulation reduces 
the RMS value of the oscillations down by 77.52%. 
Meanwhile, the DC value of the rectifier output is 
raised up to 20. 89 V. Application of the VC 
modulation to the buck-boost is recorded in Fig. 9(e) 
in which the duty ratio is regulated proportionally 
with respect to the mean value of the DC voltage. 
The RMS value of the oscillation is lowered down to 
4.103 V, leading to the DC voltage rise up to 20.62 
V. This shows slightly better performance than that 
of the FD modulation that reduces the effective value 
of the initial DC ripples down by 80.37%. Finally, 
the WD modulation is applied to the buck-boost 
compensator in which a wider-band is assigned to 
the boost converter. The RMS value of the 
oscillations and the DC value are 4.459 V and 21.94 
V, respectively. Comparing with other two methods, 
the WD modulation introduces 78.67% reduction in 
the RMS magnitude of the oscillations, presenting 
the highest DC value. 

 
5- Conclusion 
Two problems are discussed in this paper in 

conjunction with cascaded H-bridge converters. The 
first issue deals with uneven distribution of the 
applied AC voltage on the H-bridge sub-modules due 

Figure 10: (a) Generated 100 Hz oscillations by the full-bridge rectifier, (b) recognition of buck/boost operation modes, 
(c) the switching patterns generated for both buck and boost modes, (d)-(f) suppression of oscillations using the FD, VC 

and WD, respectively. 
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to the engaged modulation technique. Second 
problem is related to a dominant 100/120 Hz 
oscillation on the DC-links because of active power 
exchange between AC and DC sides. Oscillations are 
then modulated by the converter, injecting 
undesirable uncharacteristic harmonics to the AC 
system. Furthermore, the DC voltages of the 
cascaded converters will not oscillate together, and 
this produces further sub-modules' DC voltage 
unbalance. To overcome the first problem, a 
switching pulse transposition procedure is suggested 
for conventional SPWM along with the optimal 
PWM modulation techniques. Suggestions are then 
verified using a practical five-level converter that is 
implemented by cascading two H-bridge converters, 
showing a significant improvement in AC voltage 
distribution. Further, to suppress the DC-link 
oscillations, three compensating circuits are 
proposed, which are the independent DC source, the 
auxiliary S-bridge and the buck-boost converter 
design. While all suggested circuits effectively 
reduce the oscillations, the low-cost buck-boost 
converter is the most inexpensive design. Hence, a 
buck-boost design is arranged and tested under 
certain oscillations. Duty ratios of the switches are 
regulated using three different methods. 
Experimental results confirm that the effective 
values of the DC-link oscillations are lowered 
significantly compared to the uncompensated case. 
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Abstract: Multi-Parametric Programming (mpp) is a widely acknowledged mathematical method 
for its ability to handle parameter depended optimization problems explicitly. Using this powerful 
tool, the traditional model predictive control (MPC), which is highly time consuming, can be solved 
efficiently, so-called explicit MPC (EMPC). Its main advantage is that it obtains the control actions 
as explicit function of the plant measurements. This allows for the control actions to be obtained on-
line via simple function evaluations instead of solving repetitively a computationally demanding on-
line optimization. This significant characteristic allows the MPC strategy to be applicable for the 
fast dynamics, which may be prohibitive for traditional MPC that relies on optimization methods. 
This paper aims to study this method from theoretical and practical point of view. The complete 
unified framework for developing EMPC and its mathematical foundations are studied. Also, in this 
paper a simple closed form for some matrices well established to achieve low computational 
complexity in design procedure. Finally the problem of servo system control has been dealt with and 
thereby the performance and effectiveness of the presented method verified. 
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1- Introduction 
The first key question in control theory is the 
computation of suitable stabilizing controller for 
dynamical systems. From the practical point of view 
this question should be corrected, because in practice 
we have not only a dynamical system but also 
several constraints must be satisfied. The pore over 

the theoretical and practical literatures shows that the 
most important class of dynamical systems in 
practice is the “linear systems with constraints”. 
Handling constraints besides the performance 
objectives makes the controller design procedure 
more complicated. It is well accepted that for this 
class of systems, in general, stability and good 
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performance can only be achieved with a nonlinear 
control law.  
The most popular approaches for designing nonlinear 
controller for linear systems with constraints fall into 
two categories [1], Anti-windup shames and model 
predictive control. In first approach it is assumed that 
a well functioning linear controller is available for 
small excursions from the nominal operating point. 
This controller is augmented by the anti-windup 
shame in somewhat ad hoc fashion, to take care of 
situations when constraints are met. In [2] numerous 
apparently different anti-windup shames were 
reviewed. The main drawback of anti-windup 
shames is that, in general, the systematic and 
automatic synthesis tool which guarantees closed 
loop stability and achieve some kind of optimal 
performance has remained an open problem. 
Recently some promising works were done to 
introduce a systematic approach for designing and 
stability analyzing of the anti-windup shames [3, 4 
and 5]. Despite these drawbacks, the anti-windup 
shames are widely used in practice in most SISO 
cases; they are simple to design and work 
adequately. For complex constrained multivariable 
control problems, model predictive control has 
become the accepted standard, especially in process 
industries [6]. From the theoretical and practical 
point of view, the main advantages of MPC are (i) 
stability of the closed-loop system can be 
guaranteed, (ii) It is possible to handle hard 
constraints in multivariable systems in a systematic 
manner. This allows the designers to guarantee the 
satisfaction of all constraints during the operation, 
and (iii) the control system performance is optimal 
with respect to the objectives. Unfortunately, the 
MPC has a prohibitive drawback rooted in its 
demanding computational effort. In [7] Lee and 
Markus were written an interesting paragraph that 
described a hypothetical method for obtaining a 
closed loop controller from open loop trajectories 
[8]: “One technique for obtaining a feedback 
controller synthesis from knowledge of open-loop 
controllers is to measure the current control process 
state and then compute very rapidly for the open loop 
control function. The first portion of this function is 
then used during a short time interval, after which a 
new measurement of the process state is made and a 
new open loop control function is computed for this 
new measurement. The procedure is then repeated”. 
This remarkable proposition was simply forgotten 
probably due to the high computational cost of the 
algorithm.  More than ten years later this idea 
recalled by Richalet namely model predictive 

heuristic control (MPHC) [9]. After few years, in the 
1980s model predictive control under its various 
guises (DMC [10] and GPC [11]) took the process 
industries by storm [12].  
Here, the model predictive control refers to a class of 
control algorithms that compute a manipulated 
variable trajectory from a linear process model to 
minimize an objective function subject to linear 
constraints on a prediction horizon. At each sampling 
time, starting at current state, the above open loop 
optimal control problem is solved over a finite 
prescribed horizon. At the next sample, 
measurements are used to update the optimization 
problem, and the computation is repeated over a 
shifted horizon, leading to moving horizon policy. 
Over the last 25 years a solid theoretical foundation 
for MPC has emerged and it has undergone many 
developments regarding the on-line implementation 
and type of systems and applications that can be 
handled. Unfortunately, all mentioned nice properties 
of MPC are accompanied with several sever 
drawbacks that prevent a broad use of this method in 
the practice. These obstacles can be summarized in 
two parts [13, 14], (i) computational complexity 
connected with the optimization problem, and (ii) the 
question of the control system robustness to 
deviations between actual process and its model used 
for prediction. 
This paper substantially deals with the first problem, 
aims to show the possible way to overcome the 
computational complexity. Generally speaking, this 
is done by moving all the computations necessary for 
the implementation of MPC off-line, while 
preserving all its other characteristics. This should 
increase the range of applicability of MPC to 
problems where anti-windup shames and other ad 
hoc techniques dominated up to now [15, 16].  
Optimal control problems for constrained discrete-
time systems based on linear programming were 
formulated in the early 1960s by Zadeh [17]. Explicit 
solutions for different types of MPC have been 
available for unconstraint linear systems minimizing 
a quadratic objective for decades, namely linear 
quadratic regulator (LQR), but for no other problem 
class including constrained systems until recently.  
In the pioneering work [18], the authors show how to 
formulate an optimal control problem for constrained 
linear systems as a multi-parametric program, where 
the states of the system are treated as parameters, and 
control inputs as optimization variables. The solution 
to this problem has a closed form expression as a 
function of the plant states. In [1] and [19], it is 
shown that for linear (norms 1/�) and quadratic cost 



14                                  Utilizing Multi-Parametric Programming for Optimal Control of Linear Constrained Systems                    
Farhad Bayat, Ali A. Jalali, Mohamad R. Jahed Motlagh 

 

Journal of Control,  Vol. 3, No. 1, Spring 2009  ��� ����	
 ���3�  �����1 � ����1388  

 

functions (i.e. mp-LP and mp-QP), the optimal 
control input is a piecewise affine (PWA) state 
feedback law over a polyhedral partition of the 
feasible state space [19]. The computation of optimal 
control input in practice is twofold, in the first step, 
according to the current state the active polyhedral 
partition is recognized, and then a corresponding 
affine function is evaluated very quickly. In the 
following sections, the complete framework of the 
explicit MPC has been studied from theoretical and 
practical point of view. Also, in this paper a simple 
closed form representation of six matrices (Y, H, F, 
G, W and E) which are presented in the following are 
well established. Finally, the illustrative example 
describes the approach through the paper. 
 
2- Mathematical Background: Multi 
Parametric Programming 
The operations research community addressed 
parameter variations in mathematical programs at 
two levels [21]: sensitivity analysis, which 
characterizes the change of the solution with respect 
to small perturbations of the parameters; and 
parametric programming, where the characterization 
of the solution for a full range of parameter values is 
sought. One can distinguish between parametric 
programs, in which only one parameter is 
considered, and multi-parametric programs 
depending on a vector of parameters. Solving 
parametric linear programs was proposed by Gass 
and Satty [22]. Also extensive research has been 
devoted to sensitivity and parametric analysis by Gal 
[23]. Multi-parametric linear programming (mp-LP) 
was treated in [24, 25]. Recently, the method for 
solving multi-parametric quadratic programming 
(mp-QP) was proposed in [1]. The mp-QP can be 
solved by applying the first order Karush-Huhn-
Tucker (KKT) conditions (see for example [26]). 
Consider the following almost general parametric 
quadratic program: 
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H is an (s×s) symmetric positive definite constant 
matrix, G and E are (p×s) and (p×n) constant 
matrices, respectively. W is a constant vector of 
dimension p, U and �  are compact polyhedral 
convex sets of dimensions s and n, respectively. 
Transforming the QP problem Eq.1 into the standard 
multi-parametric programming problem is easy, once 
the following linear transformation is considered: 

1 Tz U H F F���                                                   (2) 
The QP in Eq.1 is then formulated to the following 
standard multi-parametric programming (mp-QP) 
problem: 
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Where H=HT>0, 1 TS E GH F���  and � �zV F   

� � � �10.5 T TJ Y FH FF F F�� � . Note that in the 

transformed problem, the parameter vector F  
appears only on the rhs of the constraints. Solving 
the above optimization problem was addressed in 
[1], which is substantially based on the “Basic 
Sensitivity” theorem [28, 29]. 
Lemma: let 0

nRF �  be a vector of parameters and  
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in Eq.3. Also assume that (see [26] for details) (i) 
strict complementary slackness (SCS) holds, and (ii) 
linear independence constraint qualification (LICQ) 
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a unique, once continuously differentiable function, 
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d M N

d
d

H G G
G V

M

G V

N S S

F
F

' F
F

'

'

' '

�

: 7
8 5
8 5  �
8 5
8 5
9 6

1 .
/ ,� �/ , / ,
/ ,
� �/ ,0 -

1 . HI0 -

�

� 	

�

                (4) 

Where iG , iS  and iW  denote the ith row of G, S 

and W, respectively, 0 0i i i iV G z W S F � � , and HI  
is a null matrix of dimension (s×n). Under the 
assumptions of theorem, near the feasible point 

0F F �� , a first order approximation of 

� � � �,z F ' F1 .0 -  can be obtained in the neighborhood 

of the KKT point: 

� �
� �

� � � �
� �
� �

1 0
0 0 0

0

z z
M N

F F
F F

' F ' F
�: 7 : 7

 � � �8 5 8 58 5 8 5
9 6 9 6

 (5) 

 
Proposition: 
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Let H>0 and the assumptions of previous lemma 
hold. Consider the optimization problem of mpQP 
given in Eq.3. Then, the optimal solution z and the 
associated Lagrange multipliers '  are affine 
functions of the optimization parameterF .  
Proof: 
Assuming the Lagrangian � �T

zL V Gz W S' F � � � , 

the first order KKT conditions for the mp-QP 
problem in Eq.3 are given by: 

� �
0,

0, 1,....,
0.

T

i i i i

L Hz G
G z W S i p

'
' F
'

A  � 

� �  

3
      (6) 

The first equation comes directly from optimality 
and the second equation refers to the complementary 
slackness [26]. 
Recalling that H is invertible Eq.6 is written as 

1 ,Tz H G '� �                                                 (7) 

Let '  and '
  denote the Lagrange multipliers 
corresponding to the inactive and active constraints, 
respectively. For the inactive constraints 

0Gz W SF� � ! , therefore the complementary 
slackness yelds 0'  . For the active constraints,  

0Gz W SF� � 
 

                                   (8) 

Where , ,G W S
 

  correspond to the set of active 
constraints. From Eq.6  

� � � �11 TGH G W S' F
�� � �
 
 
 

                   (9) 

Note that � �1 TGH G�
 
  is invertible because of LICQ 

assumption. This '
  is an affine function of F . 

Substituting '
  into Eq.7 yelds: 

� � � �11 1T Tz H G GH G W SF
�� � �
 
 
 

                 (10) 

Note that z  is also an affine function of F .  � 
Equations 5 and 10 show that given the solution 

0 0,z '  for a specific vector of parameters 0F , one 

can obtain the solution � � � �,z F ' F  for any 

parameter vector F  from Eq.5. The set of F  where 
Eq.5 remains optimal is defined as the critical region 
(CR0) and can be obtained as follows [27]. Let CRR 
represent the set of inequalities obtained (i) by 
substituting z(�) into the inactive constraints in Eq.3, 
and (ii) from the positivity of the Lagrange 
multipliers corresponding to the active constraints, as 
follows: 

� � � �	 
, 0RCR Gz W SF F ' F " � 3
  (11) 

Then CR0 is obtained by removing the redundant 
constraints from CRR as follows: 

	 
0 RCR CR C                                                  (12) 

Where C  is an operator which removes the 
redundant constraints (see [22] for details). In the 
next step the rest of region CRrest, is obtained: 

0 ,restCR CR ��                                    (13) 
By exploiting the procedure described in [1], 
equations 5 and 11-13 are repeated and a set of 
� � � �,z F ' F  and corresponding CR0 is obtained. The 

solution procedure terminates when no more regions 
remained, i.e., CRrest = 0. Finally, to find a compact 
representation, the regions which have the same 
solution must be unified to give a convex region. The 
presented procedure is summarized in Fig.1 in seven 
steps. In Figs.2 and 3 the state-space partitioning 
algorithm and obtaining the corresponding optimal 
PWA control function are illustrated based on the 
given flowchart. As shown figures 2 and 3 at first the 
critical region corresponding to 0F  (CR0) is computed 
then the parameter space is divided by reversing one 
by one the hyper planes defining the critical region 
CR0. Iteratively each new region CRi can be 
subdivided in a similar way as was done with the 
initial region iCRJ  . 
 

 
 

Fig.1: The flowchart of mpQP design steps. 

Yes  

For a given space of F  solve Eq.5 by treating F  
as a free variable and obtain a feasible 0F . (1)  

Fix 0F F  and solve Eq.5 to obtain 0 0,z '1 .0 -  
(2)  

Obtain � � � �,z F ' F1 .0 -  from Eq. 5. 

  
(3) 

� � � �	 
, 0RCR Gz W SF F ' F " � 3
 
(4)  

	 
0 RCR CR C (5)  

 0 ,restCR CR �� 
(6)  

Collect all the solutions and unify a convex 
combination of the regions having the same solution. 

(7)  

 Any more regions to 
explore?   

No  
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Fig.2: State space exploration strategy. 
 

 
Fig.3: Corresponding affine optimal value for a 
specific partition. 
 
3- A Unified Structure for Explicit Model 
Predictive Control 
Consider the problem of regulating to the origin the 
discrete-time linear time-invariant system 
� � � � � �
� � � �

1

,

x t Ax t Bu t

y t Cx t

�  �


                                    (14) 

While fulfilling the constraints 
� �
� �

min max

min max

,

,

y y t y

u u t u

" "

" "
                                    (15) 

At all time instants t�0. In (14) and (15), � �x t �Rn, 

� �u t �Rm, and � �y t �Rr are the state, input, and 

output vector respectively, and the pair (A,B) is 
stabilizable.  
In (15), min max0 ,y y" "  and min max0 ,u u" "  are 
vectors of upper and lower bounds (more generally, 
we can allow only some components of the inputs or 
outputs to be constrained).  
MPC solves such a constrained regulation problem in 
the following way. Assume that a full measurement 

of the state is available at the current time t. Then, 
the optimization problem is: 

� �� � � �

� �

'
| |

1
' '

| | | |
0

min | max

min | max

|

1| | |

| |

|

min

. , 1,...,

, 0,..., 1

,

, 0,

, 0,

t N t t N t

N
U

t k t t k t t k t t k t
k

t k t

t k t

t t

t k t t k t t k t

t k t t k t

t k t t

x Px

J x t
x Qx u Ru

subj to y y y k N

u u u k M

x x t

x Ax Bu k

y Cx k

u Kx

� �

�

� � � �


�

�

� � � �

� �

�

� ��
% %% % � �

�% %
% %� �
" " 

" "  �



 � 3

 3



�

| , 1,k t M k N� " " �

 (16) 

With respect to � �1,...,
TT T

t t kU u u � �� , where 

R=RT>0, Q=QT�0, P=PT>0, xt+k|t is the prediction of 
xt+k at time t, and M is the control input horizon. 
When the final cost matrix P and gain K are 
calculated from the algebraic Riccati equation, under 
the assumption that the constraints are not active for 
k�N in Eq.16 exactly solve the constrained (infinite-
horizon) LQR problem for Eq.5 with weights Q, R 
(see also, [28] and [29]).  
One possible choice is to set K=0 and P to be the 
solution of the discrete Lyapunov equation 
P=ATPA+Q. However, this solution is restricted only 
to open-loop stable systems [29], since the control 
action is switched off after N steps. Alternatively, 
one can choose K and P as the solution of 
unconstrained, infinite horizon LQR problem, i.e. N 
= �, as follows: 

� �
� � � �

1
,T T

T T

K R B PB B PA

P A BK P A BK K RK Q

�
 � �

 � � � �
      (17) 

Introducing 1
| 10

kk j
t k t t t k jj

x A x A Bu
�

� � � �
 ��  derived 

from Eq.14 into Eq.16 results the following QP 
problem: 

� �* 1 1min
2 2

. .

,

T T T
t t tU

t
s

n
t

J x U HU x FU x Yx

s t GU W Ex
U R s mN
x R

� � � �� �
� �
" �

� G 

� G

U
X

                                                                (18) 
Note that six parameters (H, F, Y, G, W and E) are 
depended to known parameters Q, R and Eq.16. 
To calculate these six matrices it is necessary to 

replace 1
| 10

kk j
t k t t t k jj

x A x A Bu
�

� � � �
 ��  in Eq.16 and 

reordering while tx and � �1,...,t t ku u � �  are the 

parameters and (A, B, P, Q and R) are known values. 
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Despite the fact that this is done off-line, when the 
horizon (N) is big (e.g., more than 5) performing this 
procedure needs several many matrix operation and 
parametric operation to obtain the H, F, Y, G, W and 
E matrices. This makes the design procedure highly 
complicated and because of the parametric 
manipulation it is hard to be done systematically.  
In order to remove parametric manipulation and to 
reduce the off-line computation complexity, a set of 
simple closed form formulas for the six matrices H, 
F, Y, G, W and E has been calculated after a 
comprehensive algebraic manipulation (see appendix 
for detail). The resulting closed form formulas can be 
calculated systematically for any given horizon (N) 
with only numerical operations.   

Let � � � �* * *
1,...,

TT T
t t t kU x u u � �  be the optimal 

solution of Eq.18 at time t. then, the first sample of 

� �*
tU x is applied to system in Eq.14: 

� � � �* ,t tu t u x                                                   (19) 

The optimization (Eq.18) is repeated at time t+1, 
based on the new state x(t+1), yielding a moving or 
receding horizon control strategy [19]. Comparing 
model predictive control on-line optimization 
problem (Eq.18) and multi-parametric programming 
problem (Eq.1) shows that the Eq.18 can be solved 
explicitly with substituting plant state vector x(t) as 
the parameter vector � �tF  in multi-parametric 

quadratic programming problem. Moreover, the 
Eq.18 can be simply transformed to standard form of 
mp-QP (Eq.3), exploiting the transformation 
z=U+H-1FTxt. All remaining steps for obtaining 
optimal control input � � � �* ,t tu t u x  are straight 

forward as shown in Fig.4.  
 

  
 

Fig.4: The complete structure of the EMPC. 
 

In Fig.4 the structure of implementing the presented 
method (EMPC) is shown. This structure has two 
main parts, on-line and off-line. The off-line part has 
two databases, the first one contains control regions 
information, and the second one contains the 
corresponding PWA functions. The on-line part, i.e. 
region identifier, is used for recognizing the active 
critical region for current measured state at each 
sampling time. Note that this part is the most 
important part when one takes care of computational 
complexity in the practice.  
 
4- Simulation Results 
In this section two illustrative examples are studied 
to describe the approach through the paper. At first 
using a simple artificial example the whole presented 
method is exerted. Then, a practical servo system is 
considered to describe the way of extending the 
standard problem to the tracking problem using the 
presented EMPC method.  
4.1- Simple illustrative example 
Consider a simple second order discrete time system 
with Ts = 0.1 second: 

� � � � � �

� � � �

1 1 1
1

0 1 0.5

1 0
.

0 1

x t x t u t

y t x t

1 . 1 .
�  �/ , / ,

0 - 0 -
1 .

 / ,
0 -

                      (20) 

The constraints are � � 1u t "  and � � 5y t " .  

The corresponding optimization problem of the form 
Eq.16 for regulating to the origin is given as follows: 

� �
14

2
15| 15| | | |

0

|

|

|

min

. 1 1, 0,...,14

5 5, 1,...,15

,

T T
t t t t t k t t k t t k tU

k

t k t

t k t

t t t

x Px x x u

subj to u k

y k

x x

� � � � �


�

�

� �% %� �� �
% %� �

� " " 

� " " 



�

                                                                (21) 
Where 	 
1 14, ,...,t t tU u u u� � , N=15 and P solves 

the Lyapunov equation with Q=diag(1,1), R=1 and 
N=M=15. The corresponding mp-QP problem of the 
form Eq.3 associated to the MPC problem can be 
simply calculated by using the given closed form 
formulas (see Appendix) and then the transformation 
z=U+H-1FTxt. The solution of mp-QP problem can 
be computed by Algorithm presented in Fig.1, and 
the corresponding 35 polyhedral partitions of the 
state-space are depicted in Fig. 5(a). The closed loop 
response for a worst case initial condition x0=[3 -3]T 
is shown in Fig.5(b). Also the resulting PWA control 
function and corresponding PWQ optimal cost 
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function are depicted in Fig.6. To illustrate the 
EMPC operates in practice, consider the starting 
point x0=[3 -3]T. This point is substituted into the 
constraints defining the CRs and it satisfies only the 
constraint of CR29 that indicated in Fig.5 (a). The 
control action corresponding to CR29 is u29 = 1, 
which does not require any further calculation and it 
is same as the one obtained from the on-line MPC 
but without any optimization time.  
 

 
(5.a) 

 
(5.b) 

Fig.5. (a) polyhedral partitions, of the state-space, 
(b) Closed loop response of the EMPC, x0 = [3 -3]T. 

 

 
Fig.6. PWA control input and corresponding PWQ 
cost function. 
 
4.2- Application of EMPC for Servo System 
Here we have applied the studied EMPC method to 
an extensively used system as a direct-current motor 
in which the sampling frequency is almost high (i.e. 
0.06 second) and the traditional MPC may face to 

trouble in the on-line optimization when the 
constraints are involved. The input of the system is 
the voltage applied to the motor (V) and the output is 
the shaft angle (F). It is obvious that the process has 
an integral effect, given that the position grows 
indefinitely whilst it is fed by a certain voltage. In 
order to obtain a model which describes the behavior 
of the motor, the inertia load (proportional to the 
angular acceleration) and the dynamic friction load 
(proportional to angular speed) are taken into 
account. Their sum is equal to the torque developed 
by the motor, which depends on the voltage applied 
to it. It is a first-order system with regards to speed 
but a second-order one if the angle is considered as 
the output of the process: 

2

2 m
d dJ b T

dtdt
F F
�                                      (22) 

Where Tm, J and b are the motor's torque, total 
inertial and friction (damping) coefficient, 
respectively which are depend on the 
electromagnetic/mechanical characteristics of the 
motor. The inertia divided by the friction coefficient 
is referred to as the motor's time constant, =J/b. So 
the model of the system becomes: 

� � � � � �t t K u t=F F� �� �                                     (23) 

Where K=�/b, and � is a constant gain which relates 
the input voltage (u) to the torque (Tm).  
The EMPC controller is going to be implemented on 
a real motor with a feed voltage of 24 V and nominal 
current of 1.3 Amp, subject to a constant load. The 
Reaction Curve Method (RCM) is used to obtain 
experimentally the parameters of the motor, applying 
a step in the feed voltage and measuring the 
evolution of the angular speed (which is a first-order 
system). The obtained five parameters (J, b, �, K and 
=) based on Reaction Curve Method (RCM) are 
given in table 1. 
 

Table 1: Motor numerical parameters 

J 
[kgm2] 

b 
[Nm.sec] 

� 
[Nm/volt] 

K 
[ 
(sec.volt)-
1] 

= 
[sec] 

50e-6 5.56e-5 1.39e-4 2.5 0.9 

 
Choosing 1x F , 2x F � , and taking the sampling 
time of  Ts=0.06 second one gets the discrete time 
state space model of the servo: 

1

2

2.91-0.113 -0.994
2.91-0.243 -0.970
3.00-0.316 -0.948
5.001 0
-2.650.127 0.99

x
x

1 .1 .
/ ,/ ,
/ ,/ , 1 .
/ ,/ , "/ , / ,/ , 0 -
/ ,/ ,
/ ,/ ,0 - 0 -

CR29�
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� � � � � �

� � * + � �

1 0.1451 0.00489
1

0 0.9355 0.06449

1 0 .

x t x t u t

y t x t

1 . 1 .
�  �/ , / ,

0 - 0 -


                   

                                                                 (24) 
The practical constraints which are needed to be 
satisfied during the operation are as follows: 

� � � � � �deg20deg, 10 , 2
sec

t t u t voltF F" " "�  

                                                                (25) 
Here we need some modification to achieve output 
reference tracking. To this aim the state space model 
should be augmented.  
Since the input which is necessary to keep the state 
at the reference point is not generally known, 
therefore, the dynamics are reformulated as a so-
called u#  formulation which guaranties achieving to 
the mentioned goal: 

� �
� �
� �

� �
� �
� �

� �

� � * +
� �

� �
� �

1 0
0 1 0 1

1 0 0 0

1 0 0 0 1 .

ref ref

ref

x t A B x t B
u t u t I u t

y t I y t

x t
y t u t

y t

#
�1 . 1 .1 . 1 .

/ , / ,/ , / , � �/ , / ,/ , / ,
/ , / ,/ , / ,� 0 - 0 -0 - 0 -

1 .
/ , �/ ,
/ ,0 -

                                                               (26) 
The above augmented system is similar to adding an 
integrator in control loop to remove tracking error. 
Now if a regulator be designed for the augmented 
system, then the tracking will be attained for original 
servo system. 
Let � �, , ,u u u uA B C D  and x  be the augmented 

matrices and state vector respectively.  Equivalently, 
the corresponding optimization problem of the form 
Eq.16 for tracking problem is given as follows: 

� �� � � �� �

� �
� �

� � � �

2
| |

0 | |

1

2

3

|

min

. 20deg 20deg

10deg/ sec 10deg/ sec

2 2, 0,1,2
,

T
t k t y t k t

U Tk t k t t k t

t t t

y r t Q y r t

u R u

subj to x t k

x t k

u t k x t k k
x x

# #

� �

 � �

: 7
� �8 5

8 5
8 5�9 6
� " � "

� " � "

� " �  � " 



�

                                                            (27) 
Where 1 2{ , , }t t tU u u u# # #� � , r=yref, Qy=500, 
R=0.05 and  N=3. Like the regulation problem, one 
can transform the tracking problem into: 
 

� �
� � � � � �

� �
� �
� �

*

1
2min

1

. . 1

T

t U T T T

U HU
J x

x t u t r t FU

x t

s t GU W E u t

r t

� ��% % � �
% %1 .�0 -� �

1 .
/ ,

" � �/ ,
/ ,
0 -

                                                               (28) 
The same algorithm can be used to obtain an explicit 
PWA solution � � � � � � � �� �, 1 ,u t F x t u t r t#  � .  

The closed loop response of the explicit controller 
for varying reference signal and the input control 
effort are depicted in Fig.7 and Fig.8 for initial 
condition x0=[-12  5]T. 
 

 
Fig.7. closed loop response of the explicit controller. 

 

 
Fig.8. the corresponding input signal (explicit 

controller). 
 
The solution of mp-QP problem was computed by 
Algorithm presented in Fig.1, and the corresponding 
polyhedral partitions of the state-space are 4-
dimensional. In Figs.9 and 10 cutting the polyhedral 
partitions of augmented system on x3=x4=0 and x4=0 
are shown.  
To illustrate how the EMPC operates in practice, 
consider the starting point x0 =[-0.2 -0.15]T where 
the reference signal is r(t)=0.2 rad. This point is 
substituted into the constraints defining the critical 
regions (CRs) depicted in the Figs.9 and 10 and it 
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satisfies only the constraints of CR40. The 
polyhedron which describes the CR40 is: 

� �
� �
� �

0 1 0 0 -0.0858
0.99 0.14 0 0 0.3551
0 1 0 0 0.1745

10 0 1 0 2
0 0 1 0 2
0 0 0 1 0.3491

0.62 0.48 0 0.62  -0.095

x t
u t

r t

1 . 1 .
/ , / ,� �/ , / ,
/ , / ,1 .�
/ , / ,/ ,� "/ , / ,/ ,
/ , / ,/ ,� 0 -/ , / ,
/ , / ,
/ , / ,�0 - 0 -

(29) 

The control action corresponding to CR40 is: 

� � * +
� �

40 0 0 1 0 2

1 2

u t x

u t

#  � �

 � � �
                    (30) 

The control signal will be � � � � � �401u t u t u t# � � ,  

or � � 2u t   which does not require any further 

calculation. The corresponding region (CR40) is 
shown in Figs.9 and 10. 
In order to comparison between explicit MPC and 
traditional online MPC the same scenario has been 
used for online MPC. The error signals 

u EMPC MPCe u u �  and y EMPC MPCe y y �  are 

shown in Fig.11.  
According to the Fig.11, the results of two EMPC 
and MPC controller are almost the same. The main 
difference between these two methods is the 
computation burden that should be compared. To this 
aim, the total time which is needed for performing 
the given scenario (Fig.5) is computed for both 
methods in the MATLAB ver.7 platform using a 
Pentium IV processor. The total time when the 
EMPC is used is about 0.546 second, while the 
online MPC takes 5.047 second for its optimization. 
This comparison shows that the explicit method is 
almost 10 times faster than the online MPC. The 
important note is that when the problem becomes 
more complicated and faster (in sense of its 
dynamic) but no high dimensional, the computation 
time in EMPC remains almost fixed because of the 
fact that it needs only a simple affine function 
evaluation. But the online MPC will be more time 
consuming and even prohibitive. When the problem 
is high dimensional the EMPC won't be effective as 
much as the online MPC is now. This is because in 
the case of high dimensional problems the number of 
partitions might increase prohibitively. So as a future 
work and an active research direction this problem 
can be dealt with.  
 

 
Fig.9. the 2D polyhedral partitions of the augmented 

system cut through x3=x4=0. 

 
Fig.10. the 3D polyhedral partitions of the 

augmented system cut through x4=0. 
 

 

 
Fig.11. the error signals between EMPC and MPC 

 
5- Conclusion 
The explicit solution of the linear MPC as an 
optimization problem with a quadratic objective and 
linear constraints were studied. Based on the recent 
development in [1], it was shown that exploiting 
multi-parametric programming a complete map of 
the optimal control as a function of the states can be 
achieved. Also it was shown that this solution is 
piecewise affine feedback control law and the closed 
loop on-line operation of this structure is nothing but 
a simple PWA function evaluation. In order to 
complexity reduction of the design procedure a 
computationally simple closed form of matrices Y, H, 

CR40�

CR40�
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F, G, W and E were well established in this paper. 
This modification would reduce the computational 
complexity significantly. This nice characteristic 
allows the MPC to be able to apply for systems with 
high sampling rate (with no huge dimension till 
now), in the range of micro second, as claimed in 
some other literatures as well (see for example [30]). 
A complete unified structure was presented in this 
paper and the presented algorithm was verified with 
a simple illustrative example, in which all steps of 
EMPC and corresponding mp-QP problem were 
studied and then using a well known practical servo 
system the standard EMPC method was developed to 
deal with tracking problems. 
Appendix 

Substitution of 1
| 10

kk j
t k t t t k jj

x A x A Bu
�

� � � �
 ��  

into the Eq.14 and after a plenty of algebraic 
manipulation one would obtain the matrices (Y, H, F, 
G, W and E) as follows: 
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and 

� � 0 1 13 : 2 ... ,NF f B f B f B� 1 .0 -                  (32) 

where: 
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max min

max min
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Using these close forms will decrease the complexity 
of the design procedure and make it straightforward 
by removing several many intermediate high 
dimensional parametric matrix operations, e.g. 
multiplication, summation and reordering. 
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