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An Innovative Solution for the Brachistochrone Problem as a Class
of the Calculus of Variations

Behzad Kafash

Abstract: The problem of the shortest time is an old problem that is referred to as the origin of
the calculus of variation. The various applications of calculus of variations in different fields,
including mathematics, physics, electrical engineering, mechanics, and robotics, have transformed
this area into an active research field for mathematicians and engineers. In this article, an innovative
method for solving the Brachistochrone Problem is proposed. This method is based on transforming
the differential equation of the Brachistochrone Problem into a system of differential equations. In
the proposed approach, two non-trivial choices for forming the system of equations are presented,
and the general form of the solution is obtained in each case. Finally, it is determined that only one
of the two obtained solutions satisfies the proposed final condition of the problem. Additionally, the
optimal solution obtained from the proposed path exactly matches the value obtained along the
optimal path, namely the cycloid. Furthermore, two Maple procedures are presented, and the resulting
outputs are displayed.

Keywords: The Brachistochrone Problem, Calculus of variations, cycloid curve, Euler-Lagrange
differential equation

[ Downloaded from joc-isice.ir on 2025-12-14 ]

b Ve kol i ol 011 335 13l 5 S Oledtige azel o 57 alos LS 55 105 Ll sulge sk 5


https://joc-isice.ir/article-1-1031-fa.html

[ Downloaded from joc-isice.ir on 2025-12-14 ]

Sl ok Sl Jilws 51 DS Ol gt 4 Olej o 5ol S Wles o 61 (6,80 1870, o

uiuf ™

Sl 1 2l Qb Bl 0l o2 el S Ale = b b S5, [Y] 55
sl Olgea 1y dlas a5l Bl ddb o55le €S glsThs5
— ST Ol (Bl 55 b ke Ol DU L5 (58 sl
e &S 058 My Wl ol G 3 0Ll o 4 1y g
45‘5))194{.5\4_&.}‘},4.:»(3\5‘5‘»@):\) B ;A b g5 S
Olej n FobsS 03 bl cal o Jooly (st Jsb 3 QI slo s
o5 Sl oy s pl 2 b Sl g ST 28 o S G o
wlie Jilaw b 55 (aw O3 BL s 530 4 5 135 4l OT sl
5 Sld Slao (Zaws ol 5l el il = )b L g jea il
0T 3 48 das o O () ol s 28l 2 28 g J 257 Lo
5 0y Tl sn s Y Ly 0l o Feb S Wl Ob;
Ll 5y e Shecal S3a eV M s Jo Jsn oS5
3O oS 5005 1 OT o 4y S Ty I3 3500 3L 55 b
ol o 6l 0l STOT dl a4l Ol by ol 6 S8 VL Sl
Sk s olay Jeoly adl gy wiliE 3y ain 55 Al
pLost Lo (ool s iz a2 S5 (IS5 Jlsds ol
;\;M%:bdb&obf@\i&bhﬁ a5 03,S Jiza
Gl o dor SN icsls Hlehl i oL oply5 ool s 4 b e oS
S oy ek (S 2 Ol 02, AT 1 Sl (5 L
g0 ol 5, Pl e ST o O 0l s BT ol
GWVJ‘% 3315 e aSSliar ¢l o 2w 311 0210 o
(o] 5[¥]
Al g IS Ples o sla s, 518 4l o5 4 Ol L
Olge Cow ldlie galy)l b W Jlo s (65 35 sluels
b adn ol godins DL & el sl it (3L gla )"
[7] 5505 a1yl I8 Blae o sl 1y (bl s, "l o ateS”
Gl fs @ e o il o sl 65 s B
Ol 5 s> 851 SN L5l O g me (sslan & Ol Ol
Sk Sl tn st Ol 5 Ol ol s (Su b 55 @
sl o Jsp S lie G b 5l boT lice &7 Sllas clilastls
) Sl edd b5 0105 5 &b ¢l 2501 0515 51 Y
gbm 5 0L 0 7ol S s (54 3 o 5 L (AT 5 [V] ubee
10T Caliiee (Slapani 5 Sl s 50 2l o7 T 515 Sl el Sl
5488 J1 3 i 4 5 3 90 03] gad 0305 S slite Hlaw L3
5 7085 [0 ] s [A] ol ok plasil LOT (5355 2 g2date Sl
Fls Jo 61 Bl 0y Sl eslinal & [WV] pie 3 0L 8n
e 3 gy opl s aslsy Sl Olao fils alex 1 5 Caltbue
DY) g 0o w255 515 eslinul 358 IS Ples o gl [VY]
bl i & Ol 415 Ol o 50l ST Al Ol 08 i 5

dondo —)

45 Ol Ol (eadda 08 53 Jodl s Clas (3 me Sl sy
b ol > Sl 53 AL ey 5 e gy J ST Jils OT 05
s pite 16 polie 4 (plies BOT ¢ 5850 4 o yls IS5 e Jolws
a3 4t 5 LOT & aly ml 5 4aS b ad HlEe & Coal Jits
Fls S sl oyl 5 iy plelid Sk Olas s Ll
Wl B i b S5 oS e i b S5 6 e o575 5 n - e
S el St A5 L wb Bl Sl Sl 3 3l sl
ol > Gokear s8 €S L Aty dalT ok ;S 055 e UL
S W oo o o Sl 8 D 4 Jloe Ygmns i
Oy gty s s Sl ol 1358 acloue DT (sagy ldis Lk
Sl @8l5 9335500 a5 o seme b i L 51Ul
3 ol OT (50,285 3,15 55 0 LSl (6ludg b Sl s
S Bl @U@ 515 1 Slsly 5 ek psle basls
233 B Sei Pl sy 1y el 52 Dl Sl
Flos 6 0pe 255 ol oo Olgs 0 0T 51558 Iy 228
S el 25 Sl Sl S8 (b Sl sh 0l (S5
SVslee oS35 5 T e ol oo s sl Sy
s oy opl Gl odd agy J 57 5 S Olnta b fodl 20
Sej ple 5654l oolambl( wdige ‘@::L(}J&)bgs‘ﬂj-j
Flos st 5 53 gage 2B Dl s Dl iz )03 2,8 Ko
4 e 03,5 J 58T o ( Jiles 6 5 o) 53 Sl ails aigy J 28
oo ST S L iy | ol s w8l (50
A5 IS aglsn Sl J RS 4 015 n 0 cpl g me o )8
& Ul Sk Ol 155 o)l ol U8 5 G
Sl (o 6 slaastsal 515U oo Sl age 53,1l a L
2> ik (sla i 5 b 5 4l aalsl Olomas OT a5 13 I
e W51 31 555 0T

Sl g adls 58 (g 5luaingy Piluwe b o )6 Jsb 5o OUIa 5L
Llos goi 1,1 (slallad sa (la 5ol y Blus Cows ol 51 ()b =
b ay slagsomie o 1S Ly 4l o Ol Ol 4503 Ol g &
Ol o U Jole 4 o)l 1) Colue o 2l 0 515 (pne Loe
23 @A bl by Sk Js Sl Okl Ol 4 by e D
ladlas S8 015 or ualonil Usb 4 (630 oadia 03 b axd oy
N3 I Olag a5 ds e 0l 0T 51 Ol i Clao &850
5557 55 0l T op ol S Wl o 5 s 4 V74F Jle 45 (Ul
35 3552 Ol g 3l i TalIE o8 das e Ol Syl el ps [V ]
u;)lfdima&:l5;)4«;.\;_.\?‘,lpjagloﬁf5u)§&f»gl:§

* Gottfried Wilhelm Leibniz(1646-1716)
¢ Guillaume de I'Hopital(1661-1704)

7 “4Ah! I recognize the lion by his paw.’
8 Euler—Lagrange equation
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! Johann Bernoulli(1667-1748)

2 The Brachistochrone Problem

3 Galileo Galilei (1636-1564)

4 Dialogues Concerning Two New Sciences
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restart,
with(plots),
with(plottools),

Proceduresi:=proc(a, b, N)
local x, y, t, At, Point, Cycloid, RollingCircle;

X:=t-> a*(t - sin(t));

y:=t->a*(1 - cos(t));

At:=b/N;
Point:=display(seq(pointplot([x(At*i),y(At*i)
],color=red),i=0..N),insequence= true);
Cycloid:=animatecurve([x(t),y(t),t=0..b],fra
mes=N+1,color=blue);
RollingCircle:=display(seq(circle([r*At*i,r],r
),i=0..N),insequence= true);

display(Point, Cycloid, RollingCircle);
end proc;,
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restart,
with(plots),
with(plottools),
Procedures2:=proc(N)
local x,vy,t,r, P;
x:=t->r*(t-sin(t));
y:=t->r*(1-cos(t));
for r from 1 to N do
P[r]:=plot([r*(t-sin(t)),r*(1-cos(t)),
t=0..2*Pi],scaling=constrained);
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