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Optimal Control for a Class of Nonlinear Fractional-Order
Systems Using an Extended Modal Series Method and Linear
Programming Strategy

Ehsan Mohammadzadeh, Naser Pariz, Seyed Kamal Hosseini Sani, Amin Jajarmi

Abstract: This paper presents a novel hybrid technique based on the modal series method and
linear programming strategy for solving the optimal control problem of nonlinear fractional-order
systems. The fractional derivative is defined in the sense of Riemann-Liouville with order less than
one. The performance index includes the terminal cost in addition to the integral quadratic cost
functional. Both the fixed and free final states cases have been taken into account. In this approach,
first we extend the modal series method in order to convert the original nonlinear fractional-order
two point boundary value problem (FTPBVP) derived from the Pontryagin’s maximum principle
into a sequence of linear time-invariant FTPBVPs. This sequence is then transformed into a
sequence of linear programming problems by defining a new variational problem in the calculus of
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variations, using a discretization technique based on the first-order Griinwald-Letnikov
approximation and introducing a new transformation. The convergence analysis of the proposed
approach is also provided. To achieve an accurate suboptimal control, we apply a fast iterative
algorithm with low computational effort. Finally, two numerical examples are included to illustrate

the effectiveness of the proposed approach.

Keywords: Fractional-order optimal control, Extended modal series, Nonlinear fractional-order
two point boundary value problem, Grinwald-Letnikov approximation, Linear programming.

&)l‘wbgﬁﬁf){ﬂu‘cﬂg@W&\ﬁjﬁwwl}p
S dlan [VF 5 W] 5K 5 I ST a8 eslizal as s
550 iy ) Juasd —Ole) 68 Grha e 5 S A
e iy 5 S Wisis S Sl eslizal b amie S¥slee
G- W55 S S eslizel ol okd o dtes O o
e rgy 4 e V0] B 5 STL Ly odd Sl
S8 L 58 g IS Al il aalos S 65 0 5B
il o 5 Gy e S 08 s 5 V9] 55 el oks ity
SO sl o Lw I RIOTS_95 51 estizal b (5,8 ang J x5
e oy Sl (S (58 Sl > Sy 510 51 5 S
IS Al Jo s 5 (S lld aney S (W] e 5o
el ks o3lial (58 Grie sl | (Bleil g 5 S agy
wdal 0T Jo ool s 4 (58 g J S Al sludgo 3
e OBt 5l 0 o3l Sales [VA] e 53 (A slab
o) G o Sl las (6l 1y 68w J ST dles [V4]
Jo o e 3 03508 S0 b 5 IS (58 G iy 8]
(Y] os 5 sSookp inls ann g 1) sode 1SS o) calles
pothe o S o JES 3 ple Dppon | s s
wllae (68w JAS hles 53 ) (S8 5 03,5 dgp 55
g J 58 ol 51 glamans o (ol [YV] K0 5 b 55 5o
ol 3l itea gy QL daleze laasl b 5l (6 w8
S agy J S Al gl o sy 5 odlse b [YY] 5o sl
Wlis 08t 5 ol 0k 030> O35 ol Oloj 03 ST 55 L
o S Sl aslizal 1) o b by Sigr S p5Y Ll 3
Jm e Ty s alie ) 5l s 03557 sy 51 EY oS
—as Jo g (Y] 08 s 5 Tl Ll g oslind  Sigy Lol 2

30 S el b pias 1 D) oty (5 S agp J S filews I !

® Volterra-type

7 Griinwald-Letnikov

& Qustaloup’s approximation
® Expansion formula
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% Fractional two point boundary value problem
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